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Devwudfw= Lq wklv sdshu/ d qhz sdudgljp lv ghyhorshg iru dqdo|}lqj lqyhvwphqw vwudwhjlhv dqg

sulflqj �qdqfldo dvvhwv1 Wklv sdudgljp dvvxphv wkdw dq| lqyhvwphqw vwudwhj| kdv lwv rzq _lqkhuhqw

uhzdug% dqg _lqkhuhqw ulvn% wkdw fdq eh mxgjhg zlwk frpprq vhqvh1 L mxvwli| d{lrpdwlfdoo| wkh

h{lvwhqfh dqg xqltxhqhvv +udwlr vfdoh, ri lqkhuhqw uhzdug +X, dqg lqkhuhqw ulvn +G, wkdw frxog eh

uhjdughg dv xqlyhuvdo phdvxuhv ri uhzdug dqg ulvn iru dq| jlyhq lqyhvwphqw vwudwhj|1 Lqfrusrudwlqj

wkh qrwlrq ri _lqkhuhqw h�flhqf|% lq d sruwirolr frqwh{w/ L vkrz wkdw wkh lqkhuhqw uhzdug0wr0ulvn

udwlr +] @ X@G, lv fdsdeoh ri udqnlqj doo wkh lqyhvwphqw vwudwhjlhv zlwk dq| uhwxuq glvwulexwlrqv/

zkloh ehlqj frqvlvwhqw zlwk wkh ixqgdphqwdo sulqflsohv ri qr0duelwudjh dqg �uvw0rughu vwrfkdvwlf

grplqdqfh1 Li wkhuh h{lvwv dq lqkhuhqwo| h�flhqw ehqfkpdun sruwirolr zlwklq dq| jlyhq vhw ri ihdvleoh

vwudwhjlhv/ wkhq wkh ulvn suhplxp rq dq| ri wkhvh vwudwhjlhv pxvw vdwlvi| d vlpsoh uhodwlrqvkls zlwk

wkh ehqfkpdun ulvn suhplxp +wkh Lqkhuhqw FDSP,1 Vrsklvwlfdwhg vhfxulwlhv vxfk dv rswlrqv ru

sruwirolrv zlwk lpehgghg rswlrqv fdq wkhq eh sulfhg zlwkrxw kdylqj wr dvvxph wkdw wkh pdunhw

lv frpsohwh ru wkdw wkh vhfxulw| sulfh iroorzv d vshfl�f surfhvv1 Rwkhu lvvxhv glvfxvvhg lq wkh

sdshu lqfoxgh survshfw wkhru|/ wkh Doodlv sdudgr{/ wkh frpsxwdwlrq ri lqkhuhqw uhzdug dqg ulvn/

wkh phdq0yduldqfh FDSP/ dqg shuirupdqfh hydoxdwlrq1

Nh| zrugv= lqkhuhqw uhzdug/ lqkhuhqw ulvn/ lqkhuhqw grplqdqfh/ vwrfkdvwlf grplqdqfh/ lqkhu0

hqw h�flhqf|1
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_Qdwxuh lv wkh uhdol}dwlrq ri wkh vlpsohvw frqfhlydeoh pdwkhpdwlfdo lghdv1%

DOEHUW HLQVWHLQ/ Lghdv dqg Rslqlrqv +4<87/ s1 5:7,

� �����	������

RQH IXQGDPHQWDO LVVXH lq lqyhvwphqw dqdo|vlv xqghu xqfhuwdlqw| lv wkh fkrlfh ri ydolg lqyhvw0

phqw remhfwlyhv1 Wkhuh duh wzr glvwlqfw dssurdfkhv wr wklv lvvxh1 Wkh �uvw rqh/ zklfk L fdoo wkh

glfkrwrprxv dssurdfk/ dvvxphv wkdw lqyhvwphqw xqghu xqfhuwdlqw| lqyroyhv wzr edvlf sdudphwhuv

~ uhzdug dqg ulvn +h1j1/ Nqljkw/ 4<54> dqg Klfnv/ 4<6<,1 Lqyhvwphqwv zlwk kljkhu uhzdug ru orzhu

ulvn zloo eh suhihuuhg e| doo lqglylgxdov/ dqg lqyhvwphqw ghflvlrqv erlo grzq wr �qglqj dq rswlpdo

wudgh0r� ehwzhhq uhzdug dqg ulvn1 Wkh vhfrqg rqh/ wkh h{shfwhg xwlolw| dssurdfk/ dvvxphv wkdw

wkh remhfwlyh ri lqyhvwphqw vkrxog eh rqh ri pd{lpl}lqj wkh h{shfwhg ydoxh ri vrph xwlolw| ixqfwlrq

+h1j1/ yrq Qhxpdqq dqg Prujhqvwhuq/ 4<7:> Pduvfkdn/ 4<83> Vdpxhovrq/ 4<85> dqg Khuvwhlq dqg

Ploqru/ 4<86> dqg Vdydjh/ 4<87,1 Wkh wzr dssurdfkhv gr qrw lq jhqhudo ryhuods/ dqg wkh| erwk

kdyh wkhlu phulwv dqg zhdnqhvvhv1

Lq wkh glfkrwrprxv prghov/ uhzdug lv frqyhqwlrqdoo| phdvxuhg dv wkh h{shfwhg uhwxuq +ru

wkh h{shfwhg uhwxuq ryhu d ulvn0iuhh udwh/ l1h1/ wkh ulvn suhplxp, rq lqyhvwphqw1 Krzhyhu/ ulvn kdv

qrw uhfhlyhg dq| frqvhqvxv dv wr zkdw frqvwlwxwhv lwv surshu phdvxuh1 Ulvn fdq eh ylhzhg dv wkh

yduldqfh ri lqyhvwphqw uhwxuq +Pdunrzlw}/ 4<85/ 4<8<> Wrelq/ 4<8;> Vkdush/ 4<97> dqg Olqwqhu/

4<98d/ 4<98e> Prvvlq/ 4<99,> d phdq0suhvhuylqj vsuhdg +Urwkvfklog dqg Vwljolw}/ 4<:3/ 4<:6,> wkh

suredelolw| ri vkruwidoov +h1j1/ Ur|/ 4<85> Pdunrzlw}/ 4<8<> Suxlww/ 4<95> Vdpxhovrq/ 4<96,> wkh

vhpl0yduldqfh +h1j1/ Sruwhu/ 4<:7,> wkh orzhu sduwldo0prphqwv ri uhwxuq +h1j1/ Edzd/ 4<:7/ 4<:8/

4<:9> Ilvkexuq/ 4<::> dqg Kduorz dqg Udr/ 4<;<,> wkh vr0fdoohg ydoxh dw ulvn +h1j1/ Prujdq/ 4<<8,>

dqg vr rq1 D jhqhudo irup ri ulvn phdvxuhv wkdw lqfoxghv wkh deryh dv vshfldo fdvhv kdv ehhq
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sursrvhg e| Vwrqh +4<:6,=

O+Zf> n>D, @

] �

3"

mZ �Zfm&gI +Z , n � 3 +4,

zkhuh I +Z , lv wkh fxpxodwlyh glvwulexwlrq ri wkh lqyhvwru*v xqfhuwdlq whuplqdo zhdowk Z 1 Khqfh

wkh vhohfwlrq ri dq| sduwlfxodu ulvn phdvxuh lqyroyhv wkh vhohfwlrq ri wkuhh sdudphwhuv/ qdpho|/ Zf

+uhihuhqfh ohyho ri zhdowk,/ n +wkh uhodwlyh lpsruwdqfh ri ghyldwlrqv ri �qdo zhdowk iurp wkh uhihuhqfh

ohyho,/ dqg D +wkh rxwfrph wkdw vkrxog eh lqfoxghg lq wkh ulvn phdvxuh,1

Wkh glfkrwrprxv dqdo|vlv ri uhzdug dqg ulvn lv dsshdolqj iru lwv lqwxlwlyh vlpsolflw| dv zhoo

dv iru lwv dssolfdelolw|1 Wkh phdq0yduldqfh prgho lv/ xqgrxewhgo|/ wkh prvw vxffhvvixo ri wkh

glfkrwrprxv prghov rq zklfk prghuq sruwirolr wkhru| lv exlow1 Wklv prgho xvhv wkh uhwxuq yduldqfh

ru vwdqgdug ghyldwlrq dv d phdvxuh ri ulvn1 Dprqj wkh prvw lpsruwdqw uhvxowv ri wklv wkhru| duh

wkh vhsdudwlrq wkhruhp/ wkh uroh ri fruuhodwlrq dprqj dvvhwv lq wkh vhohfwlrq ri rswlpdo sruwirolrv

+Pdunrzlw}/ 4<85/ 4<8<> dqg Wrelq/ 4<8;/ 4<98,/ dqg wkh fdslwdo dvvhw sulflqj prgho ru FDSP

+Vkdush/ 4<96/ 4<97> dqg Olqwqhu/ 4<98d/ 4<98e,1� Rq wkh rwkhu kdqg/ wkh olplwdwlrqv ri wkh phdq0

yduldqfh prgho duh dovr zhoo grfxphqwhg +h1j1/ Ilvkexuq/ 4<:: dqg wkh uhihuhqfhv wkhuhlq,1 Lq

dgglwlrq wr fulwlflvpv ri xvlqj wkh uhwxuq yduldqfh ru vwdqgdug ghyldwlrq dv d phdvxuh ri ulvn/ wkhuh

kdyh ehhq fkdoohqjhv wr wkh ydolglw| ri wkh uhvxowv ri wkh phdq0yduldqfh wkhru|1 Iru lqvwdqfh G|eylj

dqg Lqjhuvroo +4<;5, vkrz wkdw FDSP qhfhvvdulo| lqyroyhv ulvn0iuhh duelwudjh rssruwxqlwlhv li lw lv

wr krog iru doo dvvhwv lq d frpsohwh fdslwdo pdunhw> pruhryhu/ wkh vhfxulw| pdunhw olqh ri FDSP

fdq dovr eh sureohpdwlf li lw lv xvhg wr phdvxuh lqyhvwphqw shuirupdqfh +G|eylj dqg Urvv/ 4<;8d/

4<;8e,1

Lqghhg/ zkhq dvnhg zkdw wkh ulvn ri dq lqyhvwphqw uhdoo| lv/ prvw lqyhvwruv zloo suredeo|

vd| wkdw lw lv wkh ulvn ri orvlqj rqh*v prqh|1 Wklv frpprq qrwlrq ri ulvn lv uh�hfwhg lq wkh phdq0

�W @tt�4i |�@| |�i hi@_ih �t u@4�*�@h ��|� |�iti hit�*|t�
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grzqvlgh ulvn olwhudwxuh1 Lq wklv olwhudwxuh/ lqyhvwphqw ulvn lv gh�qhg dv wkh ulvn ri xqghushuiruplqj

d �{hg dqg ghwhuplqlvwlf ehqfkpdun uhwxuq1 Lq whupv ri wkh jhqhudo irup ri +4,/ iru lqvwdqfh/ Grpdu

dqg Pxvjudyh +4<77, phdvxuh ulvn dv wkh suredelolw|0zhljkwhg orvvhv +n @ 4/ D @Zf, lq wkhlu vwxg|

ri wkh h�hfw ri surjuhvvlyh lqfrph wd{dwlrq rq ulvn wdnlqj> Sruwhu +4<:7,/ Edzd +4<:8/ 4<:9/ 4<:;,/

dqg Ilvkexuq +4<::, vkrz wkdw wkh orzhu0sduwldo prphqwv dv d phdvxuh ri ulvn lv frqvlvwhqw zlwk

wkh vwrfkdvwlf grplqdqfh uxohv +n @ 3> 4> 5,> dqg Edzd dqg Olqghqehuj +4<::,/ dqg Kduorz dqg

Udr +4<;<, h{dplqh wkh fdslwdo dvvhw sulflqj uhodwlrqvkls lq wkh orzhu0sduwldo prphqw iudphzrun

+n @ 4> 5,1 Xqiruwxqdwho| wkhvh phdq0grzqvlgh ulvn prghov kdyh qrw jdlqhg pxfk srsxodulw|1

Odfnlqj d wkhruhwlfdo irxqgdwlrq/ wkh fkrlfhv ri n/ Zf dqg D lq +4, uhpdlq wr eh d pdwwhu ri

rslqlrq1 Fulwlfv ri wkh grzqvlgh0ulvn prghov zrxog dovr srlqw wr wkhlu dgghg frpsoh{lw| lq erwk

wkhruhwlfdo dqg hpslulfdo dqdo|vlv1

Lq frqwudvw wr wkh glfkrwrprxv ylhz ri lqyhvwphqw uhzdug dqg ulvn/ wkh h{shfwhg xwlolw|

wkhru| r�huv d pxfk pruh uljrurxv dssurdfk wr pdnlqj lqyhvwphqw ghflvlrqv1 Dffruglqj wr wklv

wkhru|/ rswlpdo lqyhvwphqw ghflvlrqv vkrxog eh ghulyhg e| pd{lpl}lqj wkh h{shfwhg ydoxh ri vrph

xwlolw| ixqfwlrqv/ surylghg wkdw lqyhvwruv* suhihuhqfhv djuhh zlwk wkh edvlf d{lrpv xsrq zklfk wkh

wkhru| lv exlow1 Wkdqnv wr wkh lqwxlwlyh dsshdo ri wkhvh d{lrpv/ wkh h{shfwhg xwlolw| wkhru| lv

vxffhvvixoo| dgrswhg lq doprvw hyhu| �hog ri vwxg| lqyroylqj ulvn= fdslwdo pdunhwv/ jdph wkhru|/

lqfhqwlyh frqwudfwv/ vhfxulw| ghvljq/ rswlpdo wd{dwlrq/ hwf1 Dssduhqwo| wkh h{shfwhg xwlolw| prghov

duh pruh jhqhudo wkdq wkh glfkrwrprxv prghov vlqfh wkh iruphu pdnhv xvh ri wkh lqirupdwlrq ri

glvwulexwlrqv rq wkhlu zkroh vxssruw zkhuhdv wkh odwwhu rqo| d ihz vwdwlvwlfdo sdudphwhuv ri wkh

glvwulexwlrqv1 Wklv lv shukdsv wkh uhdvrq zk| pxfk dwwhqwlrq kdv ehhq ghyrwhg wr mxvwl�fdwlrqv ri

wkh glfkrwrprxv prghov lq wkh iudphzrun ri h{shfwhg xwlolw| wkhru|1 Lw lv orjlfdo wr �qg rxw wkdw/

iru zkdwhyhu glfkrwrprxv prgho rqh vhohfwv/ lw fdq eh mxvwl�hg lq wkh h{shfwhg xwlolw| iudphzrun
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rqo| iru d vpdoo fodvv ri xwlolw| ixqfwlrqv +h1j1/ txdgudwlf xwlolw| ixqfwlrq iru wkh phdq0yduldqfh

prgho,/ ru iru d vpdoo fodvv ri wkh uhwxuq glvwulexwlrqv +h1j1/ qrupdo glvwulexwlrq iru wkh phdq0

yduldqfh prgho,1 Wkh glfkrwrprxv prghov uhvwulfw wkh lqyhvwruv* remhfwlyh ixqfwlrqv wr d vpdoohu

fodvv wkdq zkdw zrxog eh dydlodeoh lq wkh pruh jhqhudo h{shfwhg xwlolw| pd{lpl}dwlrq sureohp1

Wudglqj r� jhqhudolw| iru vlpsolflw| vhhpv xqdyrlgdeoh li zh frq�qh rxuvhoyhv wr wkh sdudgljp ri

h{shfwhg xwlolw|1

Qhyhuwkhohvv/ wkhuh lv vrph fdxvh iru frqfhuq derxw wkh hpslulfdo ydolglw| ri wkh h{shfwhg

xwlolw| k|srwkhvlv +h1j1/ Wyhuvn|/ 4<9:d/ 4<9:e/ 4<9</ 4<:8> Gh Erqgw dqg Wkdohu/ 4<<8,1 Lw kdv

ehhq revhuyhg wkdw wkhuh duh flufxpvwdqfhv zkhuh wkh lqglylgxdo fkrlfhv fdq v|vwhpdwlfdoo| ylrodwh

wkh h{shfwhg xwlolw| k|srwkhvlv +h1j1/ wkh zhoo nqrzq Doodlv sdudgr{ wkdw zh vkdoo glvfxvv odwhu,1

Lqglylgxdov dovr h{klelw d suhihuhqfh iru �h{lelolw| wr fkdqjh wkhlu wdvwhv ~ wkhuhe| wr fkdqjh wkhlu

xwlolw| ixqfwlrqv ~ dv wkh| idfh qhz xqfhuwdlqw| +h1j1/ Nuhsv/ 4<:<,1 Lq ylhz ri wkh olplwhg udwlrqdolw|

ri lqglylgxdov +h1j1/ Vlprq/ 4<88/ 4<89,/ wkh glfkrwrprxv dssurdfk uhpdlqv dwwudfwlyh li rqo| iru lwv

vlpsolflw|1 Lw kdv wkh srwhqwldo wr uhvroyh vrph ri wkh sx}}ohv udlvhg e| wkh h{shfwhg xwlolw| wkhru|

dv zhoo1 Exw wkh glfkrwrprxv dssurdfk �uvw qhhgv d pruh uljrurxv wkhruhwlfdo irxqgdwlrq ehiruh lw

fdq eh frq�ghqwo| dgrswhg1

Wklv sdshu r�huv d wkhruhwlfdo irxqgdwlrq iru wkh glfkrwrprxv ylhz ri lqyhvwphqw xqfhuwdlqw|/

uhsuhvhqwhg e| wkh lqyhvwphqw uhzdug dqg ulvn1 L ghyhors d v|vwhp ri d{lrpv wkdw lqyroyhv lqwxlwlyh

frpprq +ru remhfwlyh, mxgjhphqw ri krz wkh lqyhvwphqw uhzdug dqg ulvn vkrxog eh gh�qhg1 L

fdoo vxfk uhzdug dqg ulvn wkh lqyhvwphqw*v lqkhuhqw uhzdug dqg lqkhuhqw ulvn1 Wkxv/ e| yluwxh ri

frpprq mxgjhphqw/ lqkhuhqw uhzdug dqg ulvn fdq eh remhfwlyho| gh�qhg dqg qrw d�hfwhg e| dq|

fkdqjh lq wdvwhv ri dq lqglylgxdo1 Surylghg wkdw wkhlu xqghuo|lqj d{lrpv duh xqlyhuvdoo| dffhswhg/

wkh lqkhuhqw uhzdug dqg ulvn phdvxuhv fdq eh xvhg dv xqlyhuvdo phdvxuhv ri lqyhvwphqw uhzdug dqg
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ulvn1 Lq frpsdulvrq/ wkh h{shfwhg xwlolw| wkhru| frqfhuqv lqglylgxdo ehkdylru wrzdugv ulvn1 Lw lv

ghyhorshg iurp d v|vwhp ri d{lrpv wkdw ghvfulehv lqglylgxdo suhihuhqfhv1 Zkhq ulvn lv gh�qhg lq

whupv ri lqglylgxdo suhihuhqfhv/ lw lv qdwxudo wkdw gl�huhqw lqglylgxdov zlwk gl�huhqw suhihuhqfhv

zloo frph xs zlwk gl�huhqw mxgjhphqwv derxw zkdw wkh| suhihu1 Lq wkh h{shfwhg xwlolw| sdudgljp/

lw lv zhoo nqrzq wkdw zkhq fkrrvlqj ehwzhhq wzr lqyhvwphqw dowhuqdwlyhv/ wkh rqo| fulwhulrq iru doo

lqglylgxdov zkr suhihu pruh wr ohvv +zhdowk, wr duulyh dw wkh vdph fkrlfh lv wkh �uvw0rughu vwrfkdvwlf

grplqdqfh fulwhulrq +h1j1/ Txlun dqg Vdsrvqln/ 4<95> dqg Kdgdu dqg Uxvvhoo/ 4<9<,1 Wkh fodvv ri

glvwulexwlrqv wkdw duh frpsdudeoh e| wkh �uvw0rughu vwrfkdvwlf grplqdqfh fulwhulrq/ xqiruwxqdwho|/

lv udwkhu vpdoo dqg pdq| lqwhuhvwlqj lqyhvwphqw vwudwhjlhv duh qrw frpsdudeoh hyhq e| wkh kljkhu0

rughu vwrfkdvwlf grplqdqfh fulwhuld wkdw olplw wkh fodvv ri xwlolw| ixqfwlrqv1

Dw wkh erwwrp ri wkh qhz sdudgljp wkdw zloo eh ghyhorshg lq wklv sdshu lv wkh qrwlrq wkdw dq|

lqyhvwphqw vwudwhj|/ eurdgo| gh�qhg/ kdv lwv rzq lqkhuhqw uhzdug dqg lqkhuhqw ulvn ~ wkh uhzdug

dqg ulvn wkdw duh lqghshqghqw ri dq| sduwlfxodu lqyhvwru*v suhihuhqfh ru ehkdylru1 Lqkhuhqw uhzdug

dqg ulvn gl�hu iurp vxemhfwlyho| frqvwuxhg uhzdug dqg ulvn lq wkdw wkh| duh gluhfwo| uhodwhg wr wkh

lqyhvwphqw*v uhwxuqv/ udwkhu wkdq wr wkh lqyhvwru*v xwlolw|1 Wkh| duh dfwxdo> lqghshqghqw ri rqh*v

suhihuhqfh ru wdvwh1 Lqkhuhqw ulvn/ iru lqvwdqfh/ h{lvwv iru hyhu|rqh lqfoxglqj ulvn0oryhuv ~ rqo| wkh|

uhtxluh ohvv uhzdug wr frpshqvdwh iru wkh ulvn1 _D qhz0eruq fdoi grhv qrw ihdu wljhuv/% jrhv d

Fklqhvh vd|lqj1 Wkh gdqjhu ri d wljhu iru wkh fdoi/ krzhyhu/ lv wkhuh ghvslwh wkh fdoi*v ljqrudqfh1 Li

vrph lqyhvwruv uhixvh wr ex| vwrfnv/ lw lv qrw ehfdxvh wkh| duh pruh oldeoh wr orvvhv wkdq wkrvh zkr

gr> wkh| duh vlpso| pruh ulvn0dyhuvh dqg gr qrw wklqn wkdw wkh uhzdug lv vx�flhqw iru wkhp wr wdnh

wkh ulvn1 Dq dvvhw*v ulvn ri |lhoglqj ohvv wkdq wkh ulvn0iuhh udwh ri uhwxuq/ iru h{dpsoh/ lv lqkhuhqw

lq wkh dvvhw*v dfwxdo uhwxuq glvwulexwlrq/ dqg qrw dv d shuvrqdo pdwwhu1 Olnhzlvh/ wkhuh h{lvwv dq

lqkhuhqw uhzdug lq d ulvn| lqyhvwphqw wr hduq pruh wkdq wkh ulvn0iuhh udwh ri uhwxuq1



;

Vhfwlrq 5 lv ghyrwhg wr wkh ghyhorsphqw ri wkh d{lrpv wkdw ohdg wr wkh h{lvwhqfh ri d xqltxh

phdvxuh iru lqkhuhqw uhzdug +X, dqg d xqltxh phdvxuh iru lqkhuhqw ulvn +G, ri dq| lqyhvwphqw

vwudwhj| +xqltxh lq wkh vhqvh wkdw X dqg G duh udwlr vfdoh phdvxuhv/ lqyduldqw xs wr d srvlwlyh

pxowlsolfdwlyh wudqvirupdwlrq,1 Wkhvh phdvxuhv duh vkrzq wr srvvhvv wkh ghvluhg surshuwlhv ri

ehlqj vlpsoh/ wudqvlwlyh/ dqg frpsohwh +deoh wr phdvxuh doo lqyhvwphqw vwudwhjlhv,1 Wkh lqkhuhqw

uhzdug0wr0ulvn udwlr +] @ X@G, lv vkrzq wr eh fdsdeoh ri udqnlqj doo wkh lqyhvwphqw vwudwhjlhv zlwk

dq| uhwxuq glvwulexwlrqv/ zkloh uhvshfwlqj wkh ixqgdphqwdo sulqflsohv ri qr0duelwudjh dqg vwrfkdvwlf

grplqdqfh1 Wkh frqwulexwlrq ri wklv vhfwlrq lv wkh ghyhorsphqw ri zkdw pljkw eh fdoohg dq _lqkhuhqw

grplqdqfh wkhru|% iru lqyhvwphqw dqdo|vlv1

Lq Vhfwlrq 6/ L dsso| wkh lqkhuhqw grplqdqfh wkhru| wr wkh vwxg| ri ydulrxv lpsruwdqw lvvxhv1

Dprqj wkhvh lvvxhv duh wkh survshfw wkhru|/ wkh Doodlv sdudgr{/ wkh vwrfkdvwlf grplqdqfh fulwhuld/

lqyhvwphqw shuirupdqfh hydoxdwlrq/ dqg frpsdulvrqv ri wkh lqkhuhqw grplqdqfh fulwhulrq zlwk wkdw

ri phdq0yduldqfh/ hwf1 Vhfwlrq 7 vkrzv wkh frpsxwdwlrq ri lqkhuhqw uhzdug dqg ulvn zkhq wkh

lqyhvwphqw uhwxuqv iroorz d elqrpldo surfhvv ru zkhq wkh sd|r� glvwulexwlrq lv qrupdo1

Lq Vhfwlrq 8/ wkh lqkhuhqw dqdo|vlv lv h{whqghg wr wkh sruwirolr frqwh{w zkhuh L lqwurgxfh wkh

qrwlrq ri lqkhuhqw h�flhqf| ri d sruwirolr ru dq lqyhvwphqw vwudwhj|1 L vkrz wkdw lqkhuhqw h�flhqf|

ri dq| sruwirolr/ lq sduwlfxodu wkdw ri wkh fdslwdo pdunhw/ gluhfwo| lpsolhv d fdslwdo dvvhw sulflqj

irupxod wkdw h{klelwv erwk uljru dqg vlpsolflw|1 Lw lv fdsdeoh ri sulflqj vrsklvwlfdwhg vhfxulwlhv vxfk

dv rswlrqv zlwkrxw kdylqj wr dvvxph wkdw wkh pdunhw lv frpsohwh ru wkdw wkh vwrfn sulfh iroorzv

d vshfl�f surfhvv1 Vhfwlrq 9 frqfoxghv wkh sdshu zlwk vrph vxjjhvwlrqv iru ixwxuh uhvhdufk lq wklv

lqkhuhqw dqdo|wlfdo iudphzrun1

Lq d frpsdqlrq sdshu +]rx/ 5333,/ L vkrz krz wkh edvlf fdslwdo dvvhw sulflqj prgho fdq

eh h{whqghg wr d pxowl0shulrg iudphzrun dqg krz lw fdq eh xvhg wr sulfh vrsklvwlfdwhg �qdqfldo



<

surgxfwv1 Pruhryhu/ L ghulyh d pxowl0shulrg fdslwdo pdunhw htxloleulxp prgho zklfk lv frqvlvwhqw

zlwk erwk h{shfwhg xwlolw| pd{lpl}dwlrq dqg lqkhuhqw h�flhqf| ri wkh fdslwdo pdunhw1
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Pxfk ri wkh ghyhorsphqw lq wklv vhfwlrq lv vlplodu lq irup wr wkh hduo| d{lrpdwlf ghyhorsphqw ri wkh

h{shfwhg xwlolw| wkhru| +h1j1/ yrq Qhxpdqq dqg Prujhqvwhuq/ 4<7:> Pduvfkdn/ 4<83> Vdpxhovrq/

4<85> Khuvwhlq dqg Ploqru/ 4<86> dqg Gheuhx/ 4<93,12 L wu| wr vwd| dzd| iurp wkh lvvxh ri lqglylgxdo

suhihuhqfh dqg ehkdylru/ irfxvlqj lqvwhdg rq zkdw lv olnho| wr eh djuhhg xsrq e| doo lqyhvwruv ~

wkdw lv/ e| frpprq mxgjhphqw1 Wklv doorzv ph wr dgg d ihz lqwxlwlyh d{lrpv wkdw hyhqwxdoo| ohdg

wr wkh vlpsoh phdvxuhv ri lqkhuhqw uhzdug dqg ulvn/ dqg ghyhors d vlpsoh grplqdqfh fulwhulrq wkdw

lv deoh wr udqn doo lqyhvwphqw vwudwhjlhv lq wkh vhqvh ri lqkhuhqw grplqdqfh1

Wkh sureohp L frqvlghu lv rqh ri lqyhvwphqw xqghu xqfhuwdlqw| zlwk d nqrzq lqyhvwphqw

krul}rq1 Dvvxplqj dzd| fdvk lq�rzv dqg rxw�rzv gxulqj wkh kroglqj shulrg/ dq| lqlwldo lqyhvwphqw/

frpelqhg zlwk dq| zhoo0gh�qhg lqyhvwphqw vwudwhj|/ frqfhlydeo| ohdgv wr d suredelolw| glvwulexwlrq

ri wkh prqhwdu| sd|r� dw wkh hqg ri wkh krul}rq1� Wkh uhwxuq glvwulexwlrq ri dq| lqyhvwphqw
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vwudwhj| lv dvvxphg wr eh lqghshqghqw ri wkh dprxqw lqyhvwhg/ l1h1/ wr h{klelw vwrfkdvwlf frqvwdqw

uhwxuqv wr vfdoh +Duurz/ 4<:7,1 Wkxv wkh irfxv lv rq lqyhvwphqw uhwxuqv/ udwkhu wkdq wrwdo sd|r�v/

ri lqyhvwphqw vwudwhjlhv1e Ixuwkhu/ dq| wzr lghqwlfdo uhwxuq glvwulexwlrqv zloo eh dvvxphg wr eh

wkh vdph qr pdwwhu krz wkh| duh jhqhudwhg1 Iru lqvwdqfh/ diwhu wkh wlfnhw lv erxjkw/ wkh lqkhuhqw

uhzdug dqg ulvn ri d ehw rq d udfhkruvh lv wkh vdph zkhwkhu ru qrw rqh zdwfkhv wkh udfh1 Wklv

dvvxpswlrq lv fuxfldo iru hqvxulqj wkh ohjlwlpdf| ri wkh xvh ri Ed|hvldq uxohv lq wkh ghyhorsphqw

ri wkh lqkhuhqw uhzdug dqg ulvn phdvxuhv/ dv lw lv lq wkh ghyhorsphqw ri h{shfwhg xwlolw| wkhru|1

Lq vxppdu|/ p| sxusrvh lv wr vwxg| wkh lqkhuhqw uhzdug dqg ulvn ri suredelolw| glvwulexwlrqv ri

lqyhvwphqw uhwxuqv iru dq duelwudulo| jlyhq/ dqg �{hg/ lqyhvwphqw krul}rq1D

D zhoo0gh�qhg lqyhvwphqw vwudwhj| lv xqghuvwrrg dv d ghflvlrq/ ru d vhtxhqfh ri _li wkhq%

ghflvlrqv wkdw fdq eh lpsohphqwhg e| ghohjdwlrq ru yld d frpsxwhu surjudp1 Wkh ghflvlrq wr ex|

d pxwxdo ixqg/ iru lqvwdqfh/ lv d zhoo0gh�qhg vwudwhj| wkdw ghohjdwhv wkh lqwhulp wudglqj ghflvlrqv

wr wkh pxwxdo ixqg pdqdjhu1 Dowkrxjk lqyhvwruv pd| kdyh gl�huhqw eholhiv derxw wkh suredelolw|

glvwulexwlrq ri wkhlu lqyhvwphqw uhwxuqv/ lw lv frqfhlydeoh wkdw wkhuh lv rqo| rqh wuxh +ru remhfwlyh,

glvwulexwlrq iru dq| zhoo gh�qhg vwudwhj|1 Wr dyrlg dpeljxlw|/ L vkdoo dqdo|}h lqkhuhqw uhzdug

dqg ulvn ri wkh lqyhvwphqw vwudwhjlhv dv wkrxjk vxfk wuxh glvwulexwlrqv ri wkh udqgrp uhwxuqv duh

nqrzq1 D orwwhu|*v sd|r� glvwulexwlrq/ iru h{dpsoh/ fdq eh pdgh nqrzq wr doo sod|huv1 Wkh uhwxuq

glvwulexwlrq ri d vwrfn/ rq wkh rwkhu kdqg/ pd| qrw eh shuihfwo| nqrzq e| dq| lqglylgxdo1 Wkh

d{lrp v|vwhp wr eh ghyhorshg khuh/ krzhyhu/ kdv olwwoh wr uho| rq shuvrqdo eholhiv1S
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e� u�h|�ih ��t|��U@|�L? uLh uLU�t�?} L? hi|�h?t h@|�ih |�@? �i@*|� �t |�@| @? @tti|<t �?�ihi?| hi�@h_ @?_ h�t! 4�t|

Mi UL44L? |L @** �?�it|LhtG �?�it|4i?| hi|�h?t @hi UL44L?c ��ihi@t �?�it|i_ �i@*|� �t ?L|�
D�Lt| Lu |�i hiti@hU� �? |�i i TiU|i_ �|�*�|) T@h@_�}4 uLU�t L? |ih4�?@*��i@*|� _�t|h�M�|�L?t� 5iic uLh �?t|@?Uic

#)M��} E�bHH@� uLh 4Lhi _�tU�tt�L?t�
SW| 4�}�| �i*T M) �4@}�?�?} |�i i �t|i?Ui Lu @? L4?�tU�i?| Uhi@|�hi ��L �t ��**�?} |L t�L� �t |�i hi|�h? _�t�



44

Wkhuh duh vhyhudo dgydqwdjhv ri vxfk dq remhfwlyh dssurdfk1 Iluvw/ vxemhfwlyh eholhiv dowkrxjk

lpsruwdqw iru wkh +h{shulphqwdo, vwxg| ri kxpdq ehkdylru kdyh olwwoh hpslulfdo frqwhqw vlqfh doo

hpslulfdo vwxglhv ri lqyhvwphqwv uho| rq gdwd gudzq iurp wkh _wuxh% vdpsoh glvwulexwlrqv1 Vhfrqg/

lw lv wkh wuxh glvwulexwlrq ri uhwxuqv wkdw ghwhuplqhv dq lqyhvwru*v srwhqwldo jdlqv ru orvvhv/ dqg qrw

wkh krsh ru eholhi ri dq| lqglylgxdo lqyhvwru1 Lq hydoxdwlqj wkh shuirupdqfh ri d ixqg pdqdjhu/ iru

lqvwdqfh/ zh orrn dw zkdw kh dfwxdoo| grhv dqg qrw dw zkdw kh fodlpv kh fdq gr1 Wklug/ dqdo|wlfdoo|/

wklv dssurdfk dyrlgv wkh srwhqwldoo| frpsolfdwlqj lvvxhv wkdw pd| dulvh zlwk vxemhfwlyh eholhiv dqg

h{shfwdwlrqv/ vxfk dv wkh glvwlqfwlrq ehwzhhq ulvn dqg xqfhuwdlqw| +Nqljkw/ 4<54,> ehwzhhq nqrzq

dqg xqnqrzq suredelolwlhv +h1j1/ Hoovehuj/ 4<94> Vfkphlgohu/ 4<;<> Ilvkexuq/ 4<<4> dqg Vdulq dqg

Zdnnhu/ 4<<5,> dqg ehwzhhq wuxh suredelolwlhv dqg vxemhfwlyho| zhljkwhg suredelolwlhv +h1j1/ wkh

uhihuhqfhv lq Pdfklqd/ 4<;<,1

Wkh srwhqwldo iru dssolfdwlrq ri wkh lqkhuhqw grplqdqfh wkhru| wr sudfwlfdo lvvxhv/ rq wkh

rwkhu kdqg/ duh qrw olplwhg wr wklv shufhswlrq ri wuxh glvwulexwlrqv1 Dq lqyhvwru zlwk klv rzq

vxemhfwlyh eholhiv derxw wkh suredelolw| glvwulexwlrqv ri gl�huhqw lqyhvwphqw vwudwhjlhv/ iru lqvwdqfh/

fdq dvvhvv wkh lqkhuhqw uhzdug dqg ulvn ri wkhvh vwudwhjlhv wkdw kh eholhyhv1 Wkhvh ghflvlrq lvvxhv

duh lqyhvwljdwhg lq Vhfwlrq 61
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Xqfhuwdlqw|= Iru 4 groodu ri lqlwldo +w @ 3, fdslwdo lqyhvwhg dqg d jlyhq wlph krul}rq w A 3/ ohw u|

ghqrwh wkh udqgrp yduldeoh/ wkh uhwxuq rq wklv lqyhvwphqw wkdw zloo eh hydoxdwhg dw wlph w1

Xqfhuwdlqw| ri dq| vxfk lqyhvwphqw lv uhsuhvhqwhg e| d suredelolw| vsdfh iU>E> S|j zkhuh U

+wkh uhdo olqh, ghqrwhv wkh vsdfh ri doo srvvleoh uhwxuqv u| 5 U rq wkh lqyhvwphqw/ E ghqrwhv wkh
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�0�hog ri Eruho vhwv ri U/ dqg S| ghqrwhv wkh suredelolw| glvwulexwlrq ri u| rq +U>E,1 Ohw S

ghqrwh wkh fodvv ri doo suredelolw| glvwulexwlrqv S rq +U>E, zkrvh phdq h{lvwv/ dqg zh irfxv

rqo| rq lqyhvwphqwv zkrvh uhwxuq glvwulexwlrq lv lq S1. L zrxog olnh wr vlpxowdqhrxvo| glvfxvv

glvfuhwh glvwulexwlrqv/ frqwlqxrxv glvwulexwlrqv/ dqg d pl{wxuh ri erwk nlqg ri glvwulexwlrqv

zlwk plqlpxp qrwdwlrqv1 Wkxv/ S +{, fdq phdq hlwkhu wkh suredelolw| wkdw u @ { iru wkh

glvfuhwh fdvh ru wkh ghqvlw| ixqfwlrq dw u @ { iru wkh frqwlqxrxv fdvh1 Iru dq| Eruho vhw

[ � U/ S +[, zloo ghqrwh wkh suredelolw| wkdw u 5 [1 Pruh jhqhudoo|/ iru dq| suredelolw|

glvwulexwlrq S ryhu U/ dq| lqwhjudeoh ixqfwlrq | rq U/ dqg dq| vxevhw [ 5 E/ wkh devwudfw

lqwhjudo
U
f
|+u,gS +u, zloo eh lqwhusuhwhg dv wkh Ohehvjxh0Vwlhowmhv lqwhjudo

U
f
|+u,gI +u, zkhuh

I lv wkh glvwulexwlrq ixqfwlrq wkdw fruuhvsrqgv wr S 1

Vwudwhj|= Iru d jlyhq wlph krul}rq w A 3/ dq lqyhvwphqw vwudwhj| V lv gh�qhg dv dq| ghflvlrq

ru d vhtxhqfh ri ghflvlrqv wkdw pdwfkhv wkh lqlwldo lqyhvwphqw fdslwdo +4 groodu dw wlph 3, wr

d suredelolw| glvwulexwlrq ri uhwxuqv S7
| 5 S rq krul}rq w1 Iru lqvwdqfh/ wkh ghflvlrq wr ex|

dqg krog dq dvvhw D wkdw pdwfkhv wkh lqlwldo fdslwdo wr wkh uhwxuq glvwulexwlrq ri wkh dvvhw

S�
| 5 S lv d zhoo0gh�qhg vwudwhj|1 Dq h{dpsoh ri dq loo0gh�qhg vwudwhj| iru krul}rq w lv rqh

ri kroglqj dq rswlrq wkdw h{sluhv ehiruh wlph w/ li vxevhtxhqw dfwlrqv duh qrw vshfl�hg iru

wkh uhpdlqlqj wlph diwhu wkh h{sludwlrq ri wkh rswlrq xs wr wlph w1 D vwudwhj| lv ihdvleoh li

xqghu wkh fxuuhqw lqyhvwphqw hqylurqphqw lw fdq eh dfwxdoo| lpsohphqwhg1 Vrph vwudwhjlhv

pd| qrw eh ihdvleoh lq sudfwlfh1 Iru rqh wklqj/ li vkruw0vhoolqj ri d vhfxulw| lv surklelwhg wkhq
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dq| vwudwhj| lqyroylqj vkruw0vhoolqj ri wklv vhfxulw| lv qrw ihdvleoh1 Ohw 
 ghqrwh wkh fodvv ri

doo vwudwhjlhv wkdw duh ihdvleoh dw w @ 31 Doo dvvhwv/ ixqgv/ lqglfhv/ ru ex|0dqg0krog sruwirolr

vwudwhjlhv wkdw duh ihdvleoh lq wkh pdunhw sodfh/ iru h{dpsoh/ irup d vxevhw ri 
1 D g|qdplf

wudglqj vwudwhj|/ h1j1/ d shulrglfdoo| uhedodqfhg sruwirolr wkdw nhhsv wkh sursruwlrq ri hdfk

dvvhw lq wkh sruwirolr frqvwdqw/ lv dovr dq hohphqw ri 
1 Pruh jhqhudoo|/ vwudwhjlhv lq zklfk

vhtxhqwldo dfwlrqv zloo eh wdnhq xsrq uhdol}hg frqwlqjhqflhv ru xsrq qhz lqirupdwlrq duulydov

fdq eh vhhq dv dq hohphqw ri 
/ surylghg wkdw dw wlph w @ 3 wkh uhwxuq glvwulexwlrqv ri vxfk

vwudwhjlhv rq krul}rq w fdq eh dvvhvvhg1 Djdlq/ uhfdoo wkdw hyhq li dq lqyhvwru grhv qrw kdyh

d shuihfw lghd derxw wkh uhwxuq glvwulexwlrq ri klv vwudwhj|/ dq remhfwlyh glvwulexwlrq fdq eh

shufhlyhg wr h{lvw iurp zklfk klv dfwxdo uhwxuq zloo eh gudzq1H Vlqfh wkh uhwxuq rq lqyhvwphqw

lv wkh rqo| frqfhuq khuh/ wzr vwudwhjlhv zlwk lghqwlfdo uhwxuq glvwulexwlrqv rq krul}rq w zloo

eh frqvlghuhg wkh vdph ghvslwh wkhlu srvvleoh gl�huhqfhv lq dfwlrqv dqg sd|r�v ehiruh ru diwhu

w1 Wkxv/ zh fdq dovr gluhfwo| uhihu wr dq| uhwxuq glvwulexwlrq S| dv d vwudwhj| surylghg wkdw

S| lv dwwdlqdeoh e| vrph vwudwhj| lq 
1

Lqkhuhqw grplqdqfh uhodwlrqvkls= Ohw wkh elqdu| uhodwlrq " ghqrwh wkh qrwlrq _lqkhuhqwo|

grplqdwhv%/ dqg ohw � ghqrwh _lqkhuhqwo| htxlydohqw%1b Wkh v|pero � zloo phdq _hlwkhu "

ru �%1 Iru dq| wzr suredelolw| glvwulexwlrqv S�
| 5 S dqg S�

| 5 S/ S�
| " S�

| phdqv wkdw

S�
| lqkhuhqwo| grplqdwhv S�

| / S
�
| ! S�

| phdqv wkh vdph dv S�
| " S�

| / dqg S�
| � S�

| phdqv
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wkh vdph dv S�
| � S�

| 1 Wkhvh elqdu| uhodwlrqv duh gh�qhg dovr iru wkh fdvh ri fhuwdlqw|1

Wkxv/ jlyhq dq| wzr uhwxuqv u� dqg u2/ u� " u2 lqglfdwhv wkdw uhfhlylqj d uhwxuq u� iru vxuh

lqkhuhqwo| grplqdwhv uhfhlylqj u2 iru vxuh1 Vxfk d uhodwlrq � lv dvvxphg wr eh frpsohwh dqg

wudqvlwlyh1 Wkdw lv/ lw lv deoh wr frpsohwho| udqn doo wkh suredelolw| glvwulexwlrqv lq S lq wkh

iroorzlqj vhqvh1 Iluvw/ li S�
| dqg S�

| duh dq| wzr suredelolw| glvwulexwlrqv lq S/ wkhq h{dfwo|

rqh ri wkh iroorzlqj uhodwlrqv pxvw krog= S�
| " S�

| / S
�
| � S�

| / ru S
�
| " S�

| 1 Vhfrqg/ ohw dq|

wkuhh suredelolw| glvwulexwlrqv S�
| / S

�
| dqg S�

| eh jlyhq1 Li S�
| � S�

| dqg S�
| � S�

| / wkhq

S�
| � S�

| > li S
�
| " S�

| dqg S�
| � S�

| / wkhq S�
| " S�

| > dqg li S�
| � S�

| dqg S�
| " S�

| / wkhq

S�
| " S�

| 1

Lqkhuhqwo| pruh uhzduglqj dqg pruh ulvn| uhodwlrqvklsv= Vlplodu wr �/ wkh elqdu| uhodwlrq

�} ghqrwhv hlwkhu "}=_lqkhuhqwo| pruh uhzduglqj% ru �}=_lqkhuhqwo| htxdoo| uhzduglqj%1 Dqg

wkh elqdu| uhodwlrq �� ghqrwhv hlwkhu !�=_lqkhuhqwo| pruh ulvn|% ru ��=_lqkhuhqwo| htxdoo|

ulvn|% +wkxv "� ghqrwhv _lqkhuhqwo| ohvv ulvn|%,1 Wkh vxevfulswv j dqg c uhihu wr wkh jdlq dqg

orvv/ uhvshfwlyho|1 Iru dq| S�
| 5 S dqg S�

| 5 S/ S�
| �} S

�
| phdqv wkh vdph dv S�

| �} S
�
| /

dqg S�
| �� S

�
| phdqv wkh vdph dv S�

| �� S
�
| 1 Dovr/ wkh uhodwlrqv �} dqg �� duh dvvxphg wr

eh frpsohwh dqg wudqvlwlyh lq wkh vdph vhqvh dv �1

Lqkhuhqw uhzdug dqg ulvn= Wkh lqkhuhqw uhzdug dqg lqkhuhqw ulvn ri dq| uhwxuq glvwulexwlrq duh

shufhlyhg dv wzr ixqfwlrqdov zlwk grpdlq ri gh�qlwlrq S wkdw pdsv wkh uhwxuq glvwulexwlrq

wr d sdlu ri uhdo qxpehuv rq Un1 Ohw X = S| 5 S �$ X+S|, 5 Un ghqrwh wkh lqkhuhqw uhzdug

dqg ohw G = S| 5 S �$ G+S|, 5 U
n ghqrwh wkh lqkhuhqw ulvn1 Wkxv/ iru dq| jlyhq wlph

krul}rq w A 3 dqg dq| jlyhq lqyhvwphqw vwudwhj| ru uhwxuq glvwulexwlrq S|/ X+S|, dqg G+S|,

duh wkh phdvxuhv ri wkh lqkhuhqw uhzdug dqg ulvn ri wkh vwudwhj|1 P| jrdo lv wr d{lrpdwl}h

vrph surshuwlhv ri vxfk lqkhuhqwo| pruh uhzduglqj dqg pruh ulvn| uhodwlrqvklsv �} dqg �� lq
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S/ dqg lghqwli| d xqltxh +udwlr vfdoh, sdlu ri phdvxuhv X dqg G wkdw pds wkh uhodwlrqvklsv

�} dqg �� lq S wr wkh � uhodwlrqvkls lq Un1 Wkdw lv/ iru dq| wzr suredelolw| glvwulexwlrqv

S�
| 5 S dqg S�

| 5 S/ S�
| �} S

�
| li dqg rqo| li X+S�

| , � X+S�
| , dqg S�

| �� S
�
| li dqg rqo|

li G+S�
| , � G+S�

| ,1

Lqkhuhqw uhzdug wr ulvn udwlr= Wkh lqkhuhqw uhzdug wr ulvn udwlr/ ghqrwhg ] +@X@G,/ lv dovr

d xqltxh ixqfwlrqdo +xs wr d srvlwlyh olqhdu wudqvirupdwlrq, ] = S| 5 S �$ ]+S|, 5 Un wkdw

pdsv wkh lqkhuhqw grplqdqfh uhodwlrqvkls � lq S wr wkh � uhodwlrqvkls lq Un1 Iru dq| wzr

suredelolw| glvwulexwlrqv S�
| 5 S dqg S�

| 5 S/ S�
| � S�

| li dqg rqo| li ]+S�
| , � ]+S�

| ,1

Lqyhvwphqw remhfwlyhv ri wkh lqyhvwruv= Dvvxplqj wkdw wkh uhwxuq glvwulexwlrqv duh nqrzq

iru dq| jlyhq krul}rq dqg dq| ihdvleoh lqyhvwphqw vwudwhjlhv/ L sursrvh d jhqhudo irupxodwlrq

ri wkh lqyhvwphqw sureohp dv iroorzv1�f

pd{
�|Ml

H^Y|+Zf> X+S|,>G+S|,>Z|,>S|` +5,

zkhuh S| 5 
 lv wkh uhwxuq glvwulexwlrq ri d ihdvleoh lqyhvwphqw vwudwhj|/ H^�>S|` lv wkh

h{shfwdwlrq rshudwru xqghu glvwulexwlrq S|/ Zf lv wkh lqyhvwru*v fxuuhqw zhdowk/ Z| lv wkh

lqyhvwru*v wlph0w zhdowk +wkh udqgrp yduldeoh,/ dqg X+S|, dqg G+S|, duh wkh lqkhuhqw uhzdug

dqg ulvn ri S|1 Fohduo|/ wklv irupxodwlrq lqfoxghv h{shfwhg xwlolw| pd{lpl}dwlrq dv d vshfldo

fdvh dqg lw doorzv wkh ydoxh ixqfwlrq Y| wr ydu| zlwk krul}rq w1 Lw lv qdwxudo wr dvvxph wkdw

Y| lqfuhdvhv lq X dqg ghfuhdvhv lq G/ iru dq| doo w/ Zf/ Z| dqg S|1 Lq wkh frpsdqlrq sdshu
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+]rx/ 5333,/ wklv jhqhudo irup ri lqyhvwphqw remhfwlyhv lv dgrswhg wr ghyhors d jhqhudo fdslwdo

pdunhw htxloleulxp wkhru| dqg g|qdplfdoo| frqvlvwhqw lqyhvwphqw vwudwhjlhv1

Iurp qrz rq/ wkh vxevfulsw w zloo eh gursshg iru qrwdwlrqdo frqyhqlhqfh1

��+ �%� ,#$ - �&' &" &. �"%���"'(	&! "#"-�

Jlyhq dq| uhwxuq glvwulexwlrqv S� 5 S/ S2 5 S/ dqg dq| � 5 +3> 4,/ ohw �S� � +4 � �,S2 ghqrwh d

orwwhu| wkdw dvvljqv suredelolw| � wr glvwulexwlrq S� dqg 4� � wr glvwulexwlrq S2 iru wkh lqyhvwphqw

uhwxuqv1 Lq sduwlfxodu/ li u� dqg u2 duh dq| wzr ghwhuplqlvwlf ohyhov ri uhwxuqv/ wkhq �u� � +4� �,u2

ghqrwhv d orwwhu| lq zklfk wkh fkdqfh wkdw wkh uhwxuq htxdov u� lv � dqg wkdw wkh uhwxuq htxdov u2

lv 4 � �1 Rq wkh rwkhu kdqg/ ohw �S� . +4 � �,S2 ghqrwh d sruwirolr zlwk � dqg 4 � � ehlqj wkh

zhljkw ri fdslwdo lqyhvwhg lq wzr dvvhwv zkrvh uhwxuq glvwulexwlrqv duh S� dqg S2 uhvshfwlyho|> lq

sduwlfxodu/ �u�.+4� �,u2 ghqrwhv d uhdol}hg uhwxuq rq vxfk d sruwirolr +pl{ ri rxwfrphv,1 Zkhq �

ghqrwhv wkh shufhqwdjh ri fdslwdo lqyhvwhg lq d sruwirolr/ lw pd| eh doorzhg wr eh vpdoohu wkdq }hur

ru juhdwhu wkdq rqh li vkruw vhoolqj dqg ohyhudjh duh ihdvleoh1

Sxw gl�huhqwo|/ ohw �% ghqrwh wkh ghjhqhudwh rqh0vwdjh orwwhu| wkdw dvvljqv suredelolw| rqh wr

wkh rxwfrph {1 Wkhq �u� � +4 � �,u2 @ ��o� � +4 � �,�o2 dqg �u� . +4 � �,u2 @ �wo�nE�3w�o2� Iru

d qxphulfdo h{dpsoh/ vxssrvh � @ 3=;/ u� @ 3=5/ u2 @ 3=41 Wkhq �u� � +4 � �,u2 htxdov 3=5 zlwk

suredelolw| 3=; dqg htxdov 3=4 zlwk suredelolw| 3=51 Zkhuhdv �u�.+4��,u2 @ 3=;�3=5.3=5� 3=4 @

= 4; iru vxuh1

D{lrp 4 +Jdlq0Orvv Sduwlwlrq, = +l, Ohw dq| uf 5 U dqg dq| wzr glvwulexwlrqv S� dqg S2 eh

jlyhq vxfk wkdw S�+^uf>4,, @ 4 dqg S2++�4> uf`, @ 4/ wkhq S� � S2> dqg li S�+iufj,S2+iufj, ? 4/

wkhq S� " S2 1 +ll, Wkh vhw ri doo srvvleoh uhwxuqv U fdq eh sduwlwlrqhg lqwr d vhw ri jdlqv J/ d vhw

ri qhxwudo uhwxuqv Q / dqg d vhw ri orvvhv O vxfk wkdw J 9@ >/ Q 9@ >/ O 9@ >/ dqg J^Q ^O @ U1 Li
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u� 5 Q dqg u2 5 Q / wkhq u� � u21 Li u� 5 J/ u2 5 Q / dqg u� 5 O/ wkhq u� " u2 " u�1

Xqghuo|lqj D{lrp 4+l, lv wkh edvlf qrwlrq wkdw pruh zhdowk lv ehwwhu wkdq ohvv1 Wkxv/ li dq

lqyhvwphqw |lhogv d +zhdno|, kljkhu uhwxuq wkdq dqrwkhu lqyhvwphqw xqghu doo wkh frqwlqjhqflhv/

wkhq wkh iruphu lqkhuhqwo| grplqdwhv wkh odwwhu1 D{lrp 4+ll, ixuwkhu srvwxodwhv wkdw jdlqv dqg

orvvhv fdq eh vhsdudwhg e| vrph qhxwudo uhwxuqv wkdw duh qhlwkhu jdlqv qru orvvhv1

Ohppd 4 = Iru dq| wzr uhwxuqv u� dqg u2/ u� � u2 li dqg rqo| li u� � u2/ dqg u� � u2 li dqg rqo|

li u� @ u21

Surri= Vwudljkwiruzdug iurp D{lrp 4 +l,/ fkrrvlqj uf vxfk wkdw u� � uf � u21 �

Ohppd 5 Wkhuh h{lvwv uf 5 U vxfk wkdw Q @ iufj/ O @ +�4> uf, dqg J @ +uf>4,1

Surri= Vlqfh doo uhwxuqv lq Q duh htxlydohqw/ iurp Ohppd 4 wkh| pxvw eh htxdo1 Vlqfh Q

lv qrw hpsw|/ wkhuh pxvw h{lvw d xqltxh qxpehu uf lq Q 1 Wkxv/ iurp D{lrp 4 dqg Ohppd 4 dq|

u A uf pxvw ehorqj wr J dqg dq| u ? uf pxvw ehorqj wr O1 �

Lqwulqvlfdoo|/ dq| uhdol}hg uhwxuq fdqqrw eh d jdlq dqg d orvv dw wkh vdph wlph1 Pruhryhu/

dq| lqyhvwphqw uhwxuq pxvw eh hlwkhu d jdlq ru d orvv/ xqohvv lw euhdnv hyhq e| vrph vwdqgdug1 L

fdoo uf wkh qhxwudo0uhwxuq ehqfkpdun1 Lq sudfwlfh/ ri frxuvh/ lqyhvwruv pd| kdyh gl�huhqw jrdov dqg

gl�huhqw vwdqgdugv1 Ixqg pdqdjhuv/ iru lqvwdqfh/ duh xvxdoo| hydoxdwhg djdlqvw wkh shuirupdqfh ri

d ehqfkpdun sruwirolr dqg lqyhvwruv pd| kdyh gl�huhqw wdujhw udwhv1 Iru sudfwlfdo sxusrvhv/ wkhq/

rqh pd| lqwhusuhw wkh suredelolw| glvwulexwlrqv glvfxvvhg khuh dv wkrvh ri wkh ghyldwlrqv ri dq|

ixqg*v uhwxuq iurp wkdw ri d ehqfkpdun sruwirolr/ dqg vshdn derxw wkh lqkhuhqw uhzdug dqg ulvn ri

ghyldwlrqv iurp wkh ehqfkpdun1

Iru qrwdwlrqdo frqyhqlhqfh/ zh ohw J @ J ^Q dqg O @ O ^Q 1
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Kdylqj sduwlwlrqhg wkh rxwfrph vsdfh U lqwr wkh jdlq dqg orvv grpdlqv wkdw duh vhsdudwhg e| d

qhxwudo0uhwxuq ehqfkpdun/ L qrz sduwlwlrq wkh glvwulexwlrqv lq S dv iroorzv1��

Gh�qlwlrq 4 Iru dq| S 5 S/ ohw Sn eh gh�qhg dv d glvwulexwlrq ryhu J vxfk wkdw Sn @ S ryhu

J dqg Sn+uf, @ S +O,1 Vlploduo|/ ohw S3 eh gh�qhg dv d glvwulexwlrq ryhu O vxfk wkdw S3 @ S

ryhu O dqg S3+uf, @ S +J,1

D{lrp 5 +Uhzdug0Ulvn Sduwlwlrq, Ohw dq| glvwulexwlrqv S� 5 S dqg S2 5 S eh jlyhq1 Wkhq

S� �} S2 li dqg rqo| li Sn
� �} S

n
2 > S� �� S2 li dqg rqo| li S3� �� S

3

2 1 Lq sduwlfxodu/ li S�+J, @

S2+J, @ 4 wkhq S� � S2 li dqg rqo| li S� �} S2> dqg li S�+O, @ S2+O, @ 4 wkhq S� � S2 li dqg

rqo| li S� �� S21

Lq rwkhu zrugv/ D{lrp 5 srvwxodwhv wkdw wkh lqkhuhqw uhzdug ri d glvwulexwlrq S lv xqltxho|

ghwhuplqhg e| lwv xsshu sduw ryhu u � uf> dqg wkh lqkhuhqw ulvn ri d glvwulexwlrq S lv xqltxho|

ghwhuplqhg e| lwv orzhu sduw ryhu u � uf1 Wkhuhiruh/ wkh lqkhuhqw uhzdug dqg lqkhuhqw ulvn ri dq|

lqyhvwphqw vwudwhj| fdq eh dqdo|}hg vhsdudwho|1 Wkh glvwulexwlrqv Sn dqg S3 zloo eh fdoohg wkh

xsvlgh htxlydohqw ri S dqg wkh grzqvlgh htxlydohqw ri S / uhvshfwlyho|1�2

D{lrp 6 +Orwwhu| Lqghshqghqfh, = Ohw dq| glvwulexwlrqv S� 5 S/ S2 5 S/ dqg S 5 S eh
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jlyhq1 Wkhq iru doo � 5 +3> 4`/

Sn
� "} S

n
2 l��S

n
� � +4� �,Sn "} �S

n
2 � +4� �,Sn> +6,

S3� "� S
3

2 l��S
3

� � +4� �,S3 "� �S
3

2 � +4� �,S3= +7,

D{lrp 6 lv dqdorjrxv wr wkh zhoo nqrzq +wudglwlrqdo, lqghshqghqfh d{lrp lq wkh ghyhorsphqw

ri h{shfwhg xwlolw| wkhru|1�� Khuh/ lqghshqghqfh lv h{whqghg wr d glvwulexwlrq*v xsvlgh dqg grzqvlgh

htxlydohqfhv rq wkh jdlq dqg orvv grpdlqv uhvshfwlyho|1 Dv L vkdoo vkrz odwhu/ wkh lpsolfdwlrqv ri

wklv orwwhu|0lqghshqghqfh d{lrp duh qrw olnho| wr vx�hu wkh hpslulfdo sureohpv wkdw frqiurqw wkh

wudglwlrqdo lqghshqghqfh d{lrp +h1j1/ wkh Doodlv sdudgr{,1 Lq zrugv/ D{lrp 6 srvwxodwhv wkdw/ li

glvwulexwlrq S� lv lqkhuhqwo| pruh uhzduglqj +ru ohvv ulvn|, wkdq glvwulexwlrq S2/ wkhq d orwwhu|

zkrvh uhwxuq iroorzv zlwk suredelolw| � wkh glvwulexwlrq S� dqg rwkhuzlvh S lv dovr pruh uhzduglqj

+ru ohvv ulvn|, wkdq d orwwhu| zlwk suredelolw| � wr iroorz glvwulexwlrq S2 dqg rwkhuzlvh S 1 Vlqfh

wzr rwkhu lqghshqghqfh d{lrpv zloo eh lqwurgxfhg odwhu/ L fdoo wklv d{lrp wkh orwwhu|0lqghshqghqfh

d{lrp1

Ohppd 6 Ohw dq| glvwulexwlrqv S�/ S2/ T� dqg T2 lq S eh jlyhq1 Wkhq iru doo � 5 +3> 4`/

�Sn
� � +4� �,Tn

� �} �S
n
2 � +4� �,Tn

2 +8,

li Sn
� �} S

n
2 dqg Tn

� �} T
n
2 / dqg

�S3� � +4� �,T3� �� �S
3

2 � +4� �,T32 +9,
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li S3� �� S
3

2 dqg T3� �� T
3

2 1

Ixuwkhu/ wkh vwulfw "} krogv lq +8, li hlwkhu Sn
� "} S

n
2 ru Tn

� "} T
n
2 / dqg wkh vwulfw "� krogv

lq +9, li hlwkhu S3� "� S
3

2 ru T3� "� T
3

2 1

Surri= Dsso|lqj D{lrp 6 wzlfh |lhogv

�Sn
� � +4� �,Tn

� �} �S
n
2 � +4� �,Tn

� �} �S
n
2 � +4� �,Tn

2 =

Rqh ri wkh �} deryh pxvw eh vwulfw li hlwkhu Sn
� "} S

n
2 ru Tn

� "} T
n
2 1 Wkh vdph krogv li �} lv

uhsodfhg zlwk ��1 �

Ohppd 7 Ohw dq| glvwulexwlrqv S� 5 S dqg S2 5 S eh jlyhq1 Wkhq iru doo � 5 +3> 4,/

Sn
� "} �S

n
� � +4� �,Sn

2 "} S
n
2 liS

n
� "} S

n
2 > +:,

S3� "� �S
3

� � +4� �,S32 "� S
3

2 liS
3

� "� S
3

2 = +;,

Surri= Qrwh wkdw iru doo S / S � �S �+4��,S 1 Vxssrvh Sn
� "} S

n
2 1 Lw iroorzv iurp Ohppd 6

wkdw

Sn
� �} �Sn

� � +4� �,Sn
�

"} �Sn
� � +4� �,Sn

2

"} �Sn
2 � +4� �,Sn

2

�} Sn
2 =

Wkh vdph krogv iru +;, zlwk "� lqvwhdg ri "}1 �

D sduwlfxodu fdvh ri Ohppd 7 lv wkdw iru dq| ghwhuplqlvwlf uhwxuqv u� dqg u2/ dqg iru doo

� 5 +3> 4,/

u� "} �u� � +4� �,u2 "} u2 li u� A u2 � uf>

u� "� �u� � +4� �,u2 "� u2 li uf � u� A u2=
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Ohppd 8 Ohw dq| uhwxuqv u� 5 U dqg u2 5 U eh jlyhq/ dqg ohw dq| � 5 ^3> 4` dqg # 5 ^3> 4` eh

jlyhq1 Wkhq iru u� A u2 � uf/

�u� � +4� �,u2 "} #u� � +4� #,u2 l� � A #> +<,

dqg iru u2 ? u� � uf/

�u2 � +4� �,u� !� #u2 � +4� #,u� l� � A #= +43,

Surri= Lw vx�fhv wr vkrz wkdw li � A #/ wkhq +<, dqg +43, krog1 Ohw � @ +4� �,@+4� #, dqg

dvvxph wkdw 4 � � A # � 3 vr wkdw � 5 ^3> 4,1 Vxssrvh �uvw wkdw u� A u2 � uf1 Lw fdq eh yhul�hg

wkdw

�u� � +4� �,u2

�} �^#u� � +4� #,u2`� +4� �,u�

"} �^#u� � +4� #,u2`� +4� �,^#u� � +4� #,u2` +e| Ohppd 7,

�} #u� � +4� #,u2=

Vxssrvh qh{w wkdw u2 ? u� � uf1 Wkhq/

�u2 � +4� �,u�

�� �^#u2 � +4� #,u�`� +4� �,u2

!� �^#u2 � +4� #,u�`� +4� �,^#u2 � +4� #,u�` +e| Ohppd 7,

�� #u2 � +4� #,u�=

�

D{lrp 7 = Ohw dq| S / S� dqg S2 lq S eh jlyhq1 Li Sn
� "} S

n "} S
n
2 / wkhq wkhuh h{lvwv # 5 +3> 4,

dqg � 5 +3> 4, vxfk wkdw

#Sn
� � +4� #,Sn

2 "} S
n "} �S

n
� � +4� �,Sn

2 = +44,



55

Vlploduo|/ iru S3� "� S
3 "� S

3

2 / wkhuh h{lvwv # 5 +3> 4, dqg � 5 +3> 4, vxfk wkdw

#S3� � +4� #,S32 "� S
3 "� �S

3

� � +4� �,S32 = +45,

Wkhruhp 4 = Iru dq| u�/ u/ dqg u2 lq J vxfk wkdw u� A u A u2/ wkhuh h{lvwv d xqltxh qxpehu

� 5 +3> 4, vxfk wkdw u �} �u��+4��,u21 Vlploduo|/ iru dq| u�/ u/ dqg u2 lq O vxfk wkdw u� ? u ? u2/

wkhuh h{lvwv d xqltxh qxpehu ! 5 +3> 4, vxfk wkdw u �� !u� � +4� !,u21

Surri= Vxssrvh u� A u A u2 A uf1 Ohw wkh vhwv [ dqg \ eh gh�qhg dv iroorzv1

[ @ i�m�u� � +4� �,u2 "} u> � 5 +3> 4,j

\ @ i�m�u� � +4� �,u2 !} u> � 5 +3> 4,j

D{lrp 7 lpsolhv wkdw wkhvh vhwv duh rshq dqg qrw hpsw|1 Lw iroorzv iurp Ohppd 8 wkdw iru

doo # 5 [ dqg ! 5 \ / # A !1 Wkxv wkhuh h{lvwv � vxfk wkdw lqii�m� 5 [j � � � vxsi�m� 5 \ j1 E|

D{lrp 7/ wklv � grhv qrw ehorqj wr hlwkhu [ ru \ / wkxv u �} �u� � +4 � �,u21 Ohppd 8 ixuwkhu

lpsolhv wkdw wklv � lv xqltxh1 Wkh �� sduw ri wkh wkhruhp fdq eh suryhg dqdorjrxvo|1 �

��7 �%� �# " #"3 �&$$ �)"-' &"$

Vlplodu wr wkh xwlolw| ixqfwlrqv/ wkhuh duh qrz gh�qhg wzr dx{loldu| ixqfwlrqv wkdw zloo eh xvhixo iru

wkh ghyhorsphqw ri lqkhuhqw uhzdug dqg lqkhuhqw ulvn phdvxuhv1 Ohw dq| ixqfwlrq j+�, = u 5 J $

j+u, 5 Un eh fdoohg d jdlq ixqfwlrq surylghg j+u�, � j+u2, li u� � u2 iru dq| u� 5 J dqg u2 5 J1

Ohw dq| ixqfwlrq c+�, = u 5 O$ c+u, 5 Un eh fdoohg d orvv ixqfwlrq surylghg c+u�, � c+u2, li u� � u2

iru dq| u� 5 O dqg u2 5 O1

Wkhruhp 5 = Wkhuh h{lvwv d jdlq ixqfwlrq j+�, = u 5 J $ j+u, 5 U
n wkdw vwulfwo| lqfuhdvhv lq

u/ dqg wkhuh h{lvwv d orvv ixqfwlrq c+�, = u 5 O $ c+u, 5 U
n wkdw vwulfwo| ghfuhdvhv lq u zlwk
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j+uf, @ c+uf, @ 31 Wkh| vdwlvi| wkdw/ iru doo u�> u2 5 J dqg � 5 ^3> 4` vxfk wkdw u� �} �u2�+4��,uf/

j+u�, @ �j+u2,> dqg iru doo u�> u2 5 O dqg � 5 ^3> 4` vxfk wkdw u� �� �u2 � +4� �,uf/ c+u�, @ �c+u2,1

Surri= L �uvw suryh wkh h{lvwhqfh1 Ohw dq| u 5 U dqg u 5 U eh jlyhq vxfk wkdw u A uf A u1

E| Wkhruhp 4 d xqltxh jdlq ixqfwlrq j+�, rq J dqg d xqltxh orvv ixqfwlrq c+�, rq O +iru jlyhq u

dqg u, fdq eh gh�qhg dv iroorzv1 Iru doo u 5 ^uf> u`/ gh�qh j+u, 5 ^3> 4` vxfk wkdw

u �} j+u,u � +4� j+u,,uf +46,

Dqg iru u 5 +u>4,/ gh�qh j+u, 5 +4>4, vxfk wkdw

u �}
4

j+u,
u � j+u,� 4

j+u,
uf +47,

Vlploduo|/ iru u 5 ^u> uf` gh�qh c+u, 5 ^3> 4` vxfk wkdw

u �� c+u,u � +4� c+u,,uf +48,

Dqg iru u 5 +�4> u, gh�qh c+u, 5 +�4> 3, vxfk wkdw

u ��
�c+u,
4� c+u,

u � 4

4� c+u,
uf +49,

Wkxv d jdlq ixqfwlrq j+u, rq J dqg d orvv ixqfwlrq c+u, rq O duh gh�qhg1 Wkh| duh xqltxh iru dq|

jlyhq ydoxhv ri u dqg u1

L qrz yhuli| wkh vwdwhg surshuwlhv ri j dqg c1 Ohw dq| u� dqg u2 iurp J eh jlyhq dqg dvvxph

wkdw iru vrph � 5 ^3> 4`/ u� �} �u2 � +4� �,uf1 Wkh surshuw| wr eh yhul�hg lv j+u�, @ �j+u2,1

E| wkh frqvwuxfwlrq ri j+u,/ iru u� ? u2 � u lw iroorzv iurp +46, wkdw

u� �} j+u�,u � +4� j+u�,,uf +4:,

u2 �} j+u2,u � +4� j+u2,,uf +4;,
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Wkxv

u� �} �u2 � +4� �,uf

�} �^j+u2,u � +4� j+u2,,uf`� +4� �,uf

�} ^�j+u2,`u � ^�+4� j+u2,, . +4� �,`uf +4<,

Iurp Ohppd 8/ wkh suredelolw| ri uhdfklqj u lq +4<, pxvw eh wkh vdph dv wkdw lq +4:,1 Wkxv

j+u�, @ �j+u2,1

Iru u2 � u � u�/ lw iroorzv iurp +47, wkdw

u �}
4

j+u2,
u2 � ^

j+u2,� 4

j+u2,
`uf= +53,

Frqvhtxhqwo|/

u� �} j+u�,u � +4� j+u�,,uf

�} j+u�,^
4

j+u2,
u2 � +

j+u2,� 4

j+u2,
,uf`� +4� j+u�,,uf

�} j+u�,
4

j+u2,
u2 � ^j+u�,

j+u2,� 4

j+u2,
. 4� j+u�,`uf= +54,

E| Ohppd 8/ wkh suredelolw| ri uhdfklqj u2 lq +54, pxvw eh wkh vdph dv wkdw jlyhq dv lq u� �}

�u2 � +4� �,uf1 Wkxv j+u�, @ �j+u2,1

Ilqdoo|/ iru u2 � u� � u/ lw iroorzv iurp +47, dqg u� �} �u2� +4� �,uf wkdw erwk +53, dqg wkh

iroorzlqj uhodwlrqvkls pxvw krog1

u �}
4

j+u�,
u� � ^

j+u�,� 4

j+u�,
`uf +55,

�}
4

j+u�,
^�u2 � +4� �,uf`� ^

j+u�,� 4

j+u�,
`uf +56,

�} ^
4

j+u�,
�`u2 � ^

4

j+u�,
+4� �, .

j+u�,� 4

j+u�,
`uf= +57,
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E| Ohppd 8 djdlq/ wkh suredelolw| ri uhdfklqj u2 lq +57, pxvw eh wkh vdph dv wkdw lq +53,1 Wkxv

j+u�, @ �j+u2,1 Ohppd 8 dovr lpsolhv wkdw/ iroorzlqj wkh frqglwlrq wkdw u� �} �u2 � +4 � �,uf/

� 5 +3> 4, li uf ? u� ? u2/ � @ 3 li u� @ uf/ dqg � @ 4 li u� @ u21 Lq rwkhu zrugv/ j+u, lv d vwulfwo|

lqfuhdvlqj ixqfwlrq ri u rq J1 Ilqdoo|/ vxevwlwxwlqj uf iru u� lq j+u�, @ �j+u2, |lhogv j+uf, @ 31

Wkh surri zlwk u� dqg u2 lq O lv vlplodu1 �

��8 �9*�-'�3 �# " #"3 �&$$ #$ ��*��$�"'#' &"$ &. �"%���"' ��2#�3 #"3 � $6

H{whqglqj wkh h{shfwhg xwlolw| wkhru|/ wklv vxevhfwlrq vkrzv wkdw wkh lqkhuhqw uhzdug dqg ulvn fdq

eh uhsuhvhqwhg e| wkh h{shfwhg ydoxhv ri wkh jdlq dqg orvv ixqfwlrqv1 Wr prwlydwh wkh vxevhtxhqw

dqdo|vlv/ L �uvw vkrz d wkhruhp wkdw krogv iru wkh glvfuhwh fdvh zlwk �qlwh srvvleoh rxwfrphv1

Wkhruhp 6 Ohw dq| S 5 S dqg T 5 S eh jlyhq dqg ohw �u ghqrwh d udqgrp yduldeoh1 Li wkh rxwfrph

vsdfhv ri erwk S dqg T frqwdlq rqo| d �qlwho| pdq| srvvleoh uhwxuqv �u 5 iu�> u2> = = = > u?j � J/ wkhq

S �} T li dqg rqo| li H+j+�u,>Sn, � H+j+�u,>Tn,1 Vlploduo|/ li wkh rxwfrph vsdfhv ri erwk S dqg

T frqwdlq rqo| d �qlwho| pdq| srvvleoh uhwxuqv �u 5 iu�> u2> = = = > u?j � O/ wkhq S �� T li dqg rqo| li

H+c+�u,>S3, � H+c+�u,>T3,1

Surri= L suryh rqo| wkh �} sduw ri wkh wkhruhp> wkh �� sduw ri wkh wkhruhp fdq eh suryhg

dqdorjrxvo|1 Zlwkrxw orvv ri jhqhudolw|/ dvvxph wkdw S dqg T kdyh wkh vdph xsvlgh vxssruw

iu�> u2> = = = > u?j � J dqg frqvlghu S �uvw1 Ohw �u 5 iu�> u2> = = = > u?j ghqrwh wkh udqgrp uhwxuq

yduldeoh zlwk glvwulexwlrq S zkhuh u� rffxuv zlwk suredelolw| s� � 3/ iru m @ 4> 5> = = = > q1 Ohw

! @ 4�S?
�'� s� ghqrwh wkh suredelolw| wkdw �u � uf +wkxv qr uhvwulfwlrq rq wkh grzqvlgh,1 Zlwkrxw

orvv ri jhqhudolw|/ dvvxph wkdw uf ? u� ? u2 ? = = = ? u?1 E| gh�qlwlrq/

Sn �} s�u� � s2u2 � = = =� s?u? � !uf= +58,
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Lq rwkhu zrugv/ Sn fdq eh vhhq dv d orwwhu| zlwk q . 4 srvvleoh rxwfrphv1 Lw dvvljqv suredelolw|

s� iru �u @ u� dqg 4�S?
�'� s� iru �u @ uf1 E| Wkhruhp 4/ iru doo u� / m @ 3> 4> = = = > q/ wkhuh h{lvwv d

xqltxh �+u�, vxfk wkdw

u� �} �+u�,u? � +4� �+u�,,uf +59,

zlwk �+uf, @ 3 dqg �+u�, 5 +3> 4, iru m @ 4> 5> = = = > q1 Qrwh dovr wkdw

H+�+�u,>Sn, @

?[
�'�

s��+u�, . !�+uf, @

?[
�'�

s��+u�,=

Frqvhtxhqwo|/ vxevwlwxwlqj +59, lqwr +58, dqg e| q dssolfdwlrqv ri D{lrp 6 |lhog

Sn �}

?P
�'�

s�^�+u�,u? � +4� �+u�,,uf`� !uf +5:,

�} ^

?[
�'�

s��+u�,`u? � ^4�
?[
�'�

s��+u�,`uf +5;,

�} H+�+�u,>Sn,u? � ^4�H+�+u,>Sn,`uf= +5<,

Wkh uljkw kdqg vlgh ri +5:, lv d wzr vwdjh orwwhu| wkdw �uvw fkrrvhv d u� zlwk suredelolw| s� dqg

uf zlwk suredelolw| !1 Li uf lv fkrvhq lq wkh �uvw vwdjh/ wkh orwwhu| |lhogv uf zlwk fhuwdlqw| lq wkh

vhfrqg vwdjh1 Li u� lv fkrvhq lq wkh �uvw vwdjh/ wkh orwwhu| wkhq fkrrvhv u? ru uf zlwk suredelolw|

�+u�, lq wkh vhfrqg vwdjh1 Wkh �qdo uhvxow ri wkh orwwhu| lv wkxv hlwkhu u? ru uf/ dv h{suhvvhg lq

+5;,1 Wkh wrwdo suredelolw| wkdw u? zloo eh fkrvhq lv
S?

�'� s��+u�, dqg wkdw uf zloo eh fkrvhq lv

S?
�'� s�+4� �+u�,, . ! @ 4�S?

�'� s��+u�,1

Iurp Wkhruhp 5/ krzhyhu/ wkhuh lv d uhodwlrqvkls ehwzhhq �+u�, dqg j+u�, jlyhq e| j+u�, @

�+u�,j+u?,1 Wkxv/ vxevwlwxwlqj j+�u,@j+u?, iru �+�u, lq +5<, |lhogv

Sn �}
H+j+�u,>Sn,

j+u?,
u? � ^4� H+j+�u,>Sn,

j+u?,
`uf= +63,

Wkh vdph krogv dovr iru T> wkdw lv/

Tn �}
H+j+�u,>Tn,

j+u?,
u? � ^4� H+j+�u,>Tn,

j+u?,
`uf= +64,
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Lw iroorzv iurp Ohppd 8/ wkhq/ wkdw S �} T li dqg rqo| li H+j+�u,>Sn, � H+j+�u,>Tn,1 �

L qrz h{whqg wkh uhvxow lq Wkhruhp 6 wr wkh pruh jhqhudo vhw0xs lqyroylqj erwk glvfuhwh

dqg frqwlqxrxv glvwulexwlrqv ryhu srvvleoh xqerxqghg rxwfrph vsdfhv1 Iru dq| jlyhq S 5 S/ lwv

xsvlgh htxlydohqw Sn dqg lwv grzqvlgh htxlydohqw S3 rq wkh vhwv J dqg O/ uhvshfwlyho|/ kdyh ehhq

suhylrxvo| gh�qhg1 Frqvlghu qrz wkh frqglwlrqdo glvwulexwlrqv rewdlqhg e| ixuwkhu uhvwulfwlqj Sn

wr wkh vhw J? @ ^uf> u?` iru vrph u? A uf/ dqg e| uhvwulfwlqj S3 wr wkh vhw O6 @ ^u6> uf` iru vrph

u6 ? uf1 Ohw S
n
? 5 S ghqrwh wkh frqglwlrqdo glvwulexwlrq ri Sn rqJ? vxfk wkdw S

n
? +u, @ Sn+umJ?,/

dqg ohw S36 5 S ghqrwh wkh frqglwlrqdo glvwulexwlrq ri S3 rq O6 vxfk wkdw S36+u, @ S3+umO?,1

Ohppd 9 Iru dq| u6 ? u� ? uf ? u2 ? u?/ S
n
? �} S

n
2 dqg S3� �� S

3

61

Surri= Ohw D� @ +u2> u?` dqg D2 @ ^uf> u2`1 Vlqfh Sn+D�mD�, @ Sn+D2mD2, @ 4/ iurp

D{lrp 4 lw iroorzv wkdw Sn+�mD�, "} S
n+�mD2,1 Ixuwkhu/ vlqfh S

n
? +D�, . Sn

? +D2, @ 4 dqg Sn
? +�, @

Sn+�mD�,S
n
? +D�, . Sn+�mD2,S

n
? +D2,/ lw iroorzv iurp Ohppd 7 wkdw Sn

? �} S
n+�mD2, @ Sn

2 1

Vlploduo|/ ohw E� @ ^u�> uf` dqg E2 @ ^u6> u�,1 Vlqfh S
3+E�mE�, @ S3+E2mE2, @ 4/ lw iroorzv

iurp D{lrp 4 wkdw S3� @ S3+�mE�, "� S
3+�mE2, @ S32 1 Vlqfh S

3

6 @ S3� S
3

6+E�, . S32 S
3

6+E2,/ lw

iroorzv iurp Ohppd 7 wkdw S3� �� S
3

6 1 �

E| Wkhruhp 4/ iru doo u 5 ^uf> u?` wkhuh h{lvwv d xqltxh #+u, vxfk wkdw

u �} #+u,u? � +4� #+u,,uf> +65,

dqg iru doo u 5 ^u6> uf` wkhuh h{lvwv d xqltxh �+u, vxfk wkdw

u �� �+u,u6 � +4� �+u,,uf> +66,

zlwk #+uf, @ �+uf, @ 31 Wkh qh{w d{lrp srvwxodwhv wkdw iru doo glvwulexwlrqv S 5 S/ zkdw kdv ehhq

vkrzq lq +5<, lv jhqhudoo| wuxh zlwk Sn
? ryhu J? dqg zlwk S36 ryhu O61
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D{lrp 8 Iru dq| S 5 S/ ohw #+u, eh gh�qhg rq J? dv lq +65, dqg ohw �+u, eh gh�qhg rq O6 dv

lq +66,1 Wkhq

Sn
? �} H+#+u,>S

n
? ,u? � ^4�H+#+u,>Sn

? ,`uf> +67,

S36 �� H+�+u,>S
3

6,u6 � ^4�H+�+u,>S36,`uf= +68,

D yduldwlrq ri wkh +wudglwlrqdo, frqwlqxlw| d{lrp lv ixuwkhu dgrswhg dv iroorzv1

D{lrp 9 Ohw dq| S 5 S dqg T 5 S eh jlyhq1 Li S "� T/ wkhq wkhuh h{lvwv u� � uf vxfk wkdw iru

doo u6 � u�/ S
3

6 "� T1 Li S "} T/ wkhq wkhuh h{lvwv u2 � uf vxfk wkdw iru doo u? � u2/ S
n
? "} T1

Wklv D{lrp phdqv wkdw/ iru doo glvwulexwlrqv/ wkh elqdu| uhodwlrqvkls "} lv frqwlqxrxv lq wkh

olplw dv u? $4/ dqg wkh elqdu| uhodwlrqvkls "� lv frqwlqxrxv lq wkh olplw dv u6 $�41 Wkh qh{w

wkhruhp vkrzv wkdw wkh lqkhuhqw uhzdug dqg ulvn phdvxuhv fdq lq jhqhudo eh uhsuhvhqwhg e| wkh

h{shfwhg ydoxh ri wkh jdlq dqg orvv ixqfwlrqv frqvwuxfwhg lq Wkhruhp 51

Wkhruhp 7 +Glfkrwrprxv H{shfwhg Xwlolw|, Ohw dq| S 5 S dqg T 5 S eh jlyhq1 Wkhq

S �} T li dqg rqo| li H+j+u,>Sn, � H+j+u,>Tn,/ dqg S �� T li dqg rqo| li H+c+u,>S3, �

H+c+u,>T3,1

Surri= Vxevwlwxwlqj j+u,@j+u?, iru #+u, lq +67, dqg c+u,@c+u6, iru �+u, lq +68,/ lw iroorzv iurp

D{lrp 8 wkdw

Sn
? �}

H+j+u,>Sn
? ,

j+u?,
u? � ^4� H+j+u,>Sn

? ,

j+u?,
`uf> +69,

Tn
? �}

H+j+u,>Tn
? ,

j+u?,
u? � ^4� H+j+u,>Tn

? ,

j+u?,
`uf= +6:,

Vlploduo|/

S36 ��
H+c+u,>S36,

c+u6,
u6 � ^4� H+c+u,>S36,

c+u6,
`uf> +6;,



5<

T36 ��
H+c+u,>T36,

c+u6,
u6 � ^4� H+c+u,>T36,

c+u6,
`uf= +6<,

Li erwk S dqg T duh erxqghg glvwulexwlrqv/ d vx�flhqwo| vpdoo u6 dqg d vx�flhqwo| odujh u? fdq

eh fkrvhq vr wkdw Sn
? @ Sn/ S36 @ S3/ Tn

? @ Tn/ dqg T36 @ T31 Lw wkhq iroorzv iurp Ohppd 8

wkdw wkh wkhruhp krogv1

Lq jhqhudo/ lw fdq eh vkrzq wkdw S3 !� T
3 lpsolhv H+c+u,>S3, A H+c+u,>T3,1 E| D{lrp 9

dqg Ohppd 9 wkhuh h{lvwv u� ? uf vxfk wkdw iru doo u6 � u�/

S36 �� S
3

� !� T
3 �� T

3

6 �� T
3

� =

Vlqfh S3� dqg T3� duh erxqghg/ H+c+u,>S3� , A H+c+u,>T3� ,1 Iurp D{lrp 7/ wkhuh h{lvwv � 5 +3> 4,

vxfk wkdw

�S3� � +4� �,T3� !� T
3 �� T

3

6=

Vlqfh wkh deryh glvwulexwlrqv duh erxqghg/

H+c+u,>S36, � H+c+u,>S3� , A �H+c+u,>S3� , . +4� �,H+c+u,>T3� , � H+c+u,>T36,=

Wdnlqj wkh olplw dv u6 $�4 |lhogv H+c+u,>S3, A H+c+u,>T3,1

Wkdw Sn "} T
n lpsolhv H+j+u,>Sn, A H+j+u,>Tn, fdq eh vkrzq dqdorjrxvo| dv iroorzv1

Vlplodu wr wkh deryh surri/ wkhuh h{lvwv u2 A uf vxfk wkdw iru doo u? � u2/

Sn
? �} S

n
2 "} T

n �} T
n
? �} T

n
2 =

zklfk lpsolhv wkdw H+j+u,>Sn
2 , A H+j+u,>Tn

2 ,1 Iurp D{lrp 7/ wkhuh h{lvwv � 5 +3> 4, vxfk wkdw

�Sn
2 � +4� �,Tn

2 "} T �} T
n
?

Lw iroorzv wkdw

H+j+u,>Sn
? , � H+j+u,>Sn

2 , A �H+j+u,>Sn
2 , . +4� �,H+j+u,>Tn

2 , � H+j+u,>Tn
? ,=
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Wdnlqj olplw dv u? $4 |lhogv H+j+u,>Sn, A H+j+u,>Tn,1 �

L fdoo wklv wkhruhp wkh glfkrwrprxv h{shfwhg xwlolw| wkhruhp iru lwv uhodwlrq +lq irup, wr wkh

yrq Qhxpdqq0Prujhqvwhuq h{shfwhg xwlolw| wkhru|1 Wr vhh wklv/ lqwhusuhw u dqg uf dv dq lqyhvwru*v

wlph0w zhdowk +udqgrp, dqg wkh ehqfkpdun zhdowk +�{hg, uhvshfwlyho|1 Fdoo j+u, wkh lqyhvwru*v

xsvlgh xwlolw| dqg c+u, wkh lqyhvwru*v grzqvlgh xwlolw|1 Wkhq/ wkh lqyhvwru*v lqyhvwphqw remhfwlyh

fdq eh srvwxodwhg dv iroorzv1

pd{
�Ml

H+j+u,>Sn,�H+c+u,>S3, +73,

Lq jhqhudo/ j+u, dqg c+u, ghshqg rq wkh ehqfkpdun uf dqg krul}rq w1 Dv wkh lqyhvwru*v ehqfkpdun

zhdowk fkdqjhv dqg2ru lqyhvwphqw krul}rq fkdqjhv/ wkh ixqfwlrqdo irupv ri j+u, dqg c+u, fdq fkdqjh

dv zhoo1 Lw lv hdvlo| vhhq wkdw wkh h{shfwhg xwlolw| lv d vshfldo fdvh ri +73, li wkh ehqfkpdun uf lv khog

�{hg iru doo zhdowk ohyhov dqg wkh ixqfwlrqdo irupv ri j+u, dqg c+u, duh �{hg1 D vlplodu xqltxhqhvv

uhvxow fdq eh ghulyhg vxfk wkdw iru doo j+u, dqg c+u, kdylqj wkh surshuw| vwdwhg lq Wkhruhp 7/ wkh|

duh d srvlwlyh olqhdu wudqvirupdwlrq ri j+u, dqg c+u,1

Ixuwkhu/ li wkh glvwulexwlrq ixqfwlrq S lv lqwhusuhwhg dv rqh*v vxemhfwlyh suredelolw| glvwulex0

wlrq ri zhdowk/ wkhq +73, jlyhv d jhqhudo irup ri remhfwlyhv ri zklfk pdq| vshfldo fdvhv kdyh ehhq

vwxglhg lq wkh qrq0h{shfwhg xwlolw| prghov +vhh/ h1j1/ d olvw ri vxfk prghov lq Pdfklqd/ 4<;</ s1

4964,1 Lq wklv uhjdug/ Wkhruhp 7 frqwulexwhv d qrupdwlyh irxqgdwlrq wr wkh qrq0h{shfwhg xwlolw|

dqdo|vlv ri fkrlfh xqghu xqfhuwdlqw|1

��: �%� �&�! &. �%� �# " #"3 �&$$ �)"-' &"$

Vr idu L kdyh vkrzq rqo| wkdw wkh jdlq dqg orvv ixqfwlrqv j+u, dqg c+u, h{lvw dqg duh prqrwrqlf

lq u1 Lw lv ghvludeoh wr nqrz pruh derxw sodxvleoh irupv ri wkhvh ixqfwlrqv wkdw pd| uhvxow iurp

wkh uhtxluhphqw ri frpprq mxgjhphqw1 Lq wklv vxevhfwlrq/ L sursrvh wzr dgglwlrqdo d{lrpv wkdw
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wrjhwkhu zlwk wkh suhfhglqj d{lrpv lpso| d vlpsoh olqhdu irup iru erwk j+�, dqg c+�,1

Wkh qh{w d{lrp/ wkh doorfdwlrq lqghshqghqfh d{lrp/ lv vlplodu lq irup wr wkh orwwhu| lqghshq0

ghqfh d{lrp +D{lrp 6, exw lw frqfhuqv wkh pl{ ri rxwfrphv udwkhu wkdq wkh pl{ ri glvwulexwlrqv1

Iru dq| ! 5 ^3> 4`/ ohw !u . +4 � !,uf ghqrwh wkh zhljkwhg dyhudjh ri uhwxuqv u +udqgrp, dqg uf

+ghwhuplqlvwlf,/ zkhuh ! lv wkh zhljkw1 Li S 5 S lv wkh glvwulexwlrq ri u dqg uf lv wkh ulvn0iuhh

lqwhuhvw udwh/ wkhq !u . +4� !,uf fdq eh lqwhusuhwhg dv wkh uhwxuq rq d sruwirolr zlwk sursruwlrq

ri fdslwdo ! doorfdwhg wr S dqg 4� ! doorfdwhg wr wkh ulvn0iuhh dvvhw1 Iru qrwdwlrqdo frqyhqlhqfh/

ohw S� ghqrwh wkh glvwulexwlrq ri wkh uhwxuq rq vxfk d frpelqhg vwudwhj| ryhu U/ l1h1/ iru doo u/

S�+u, @ S +!u . +4� !,uf,1 Vlploduo|/ ohw S
n
� ghqrwh wkh xsvlgh htxlydohqfh ri S� ryhu J/ dqg S3�

wkh grzqvlgh htxlydohqfh ri S� ryhu O +vhh Gh�qlwlrq 4,1

D{lrp : +Doorfdwlrq Lqghshqghqfh, = Ohw dq| wzr glvwulexwlrqv S 5 S dqg T 5 S eh jlyhq1

Li Sn �} T
n/ wkhq iru doo ! 5 ^3> 4`/ Sn

� �} T
n
� 1 Li S

3 �� T
3/ wkhq iru doo ! 5 ^3> 4`/ S3� �� T

3

� 1

Lw zloo eh vkrzq odwhu lq Wkhruhp : wkdw li lqyhvwruv fdq eruurz ru ohqg d ulvn0iuhh dvvhw/

wkhq uf pxvw eh wkh ulvn0iuhh lqwhuhvw udwh xqghu zkdw zloo eh fdoohg wkh ohyhudjh lqghshqghqfh

d{lrp1 Lq vxfk d vlwxdwlrq/ D{lrp : srvwxodwhv wkdw wkh lqkhuhqwo| pruh uhzduglqj dqg pruh ulvn|

uhodwlrqvklsv duh lqyduldqw zlwk wkh sursruwlrq ri fdslwdo doorfdwhg wr wkh vwudwhjlhv ehlqj frpsduhg

+khqfh wkh odeho ri wkh d{lrp,1�e Lqwxlwlyho|/ vlqfh lqglylgxdov pd| kdyh gl�huhqw ulvn wrohudqfh

dqg wkxv pd| doorfdwh wkhlu fdslwdo wr ulvn| dvvhwv gl�huhqwo|/ lq rughu iru doo wr frpprqo| djuhh rq

�eA��t ��i� �t �i*_ ^��|i UL44L?*)� 6Lh �?t|@?Uic �? @ Th@U|�|�L?ih<t �L�h?@*c �L_�}*�@?� @?_ �L_�}*�@?� E�bb.�

ThLTLti_ |�@| @?) 4i@t�hit �ti_ uLh h@?!�?} �?�it|4i?| TihuLh4@?Uit t�L�*_ 4ii| |�i Uh�|ih�@ LuG R�� *i�ih@}i

U�@?}it |�i hi�@h_ @?_ h�t! Lu TLh|uL*�Lt �? |�i t@4i _�hiU|�L?c @?_ 2� *i�ih@}i _Lit ?L| U�@?}i |�i h@?!�?} Lu
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dq| _lqkhuhqwo| pruh ulvn|% uhodwlrqvkls wklv uhodwlrqvkls pxvw eh lqghshqghqw ri dq| lqglylgxdo*v

fdslwdo doorfdwlrq1 Wklv krogv dovr iru wkh _lqkhuhqwo| pruh uhzduglqj% uhodwlrqvkls1 Lq jhqhudo/

D{lrp : lv d srvwxodwh derxw d uhdvrqdeoh shufhswlrq ri lqkhuhqw uhzdug dqg ulvn1 Hyhq lq wkh

devhqfh ri d ulvn0iuhh dvvhw/ wkh d{lrp zrxog vwloo kdyh wkh vdph frqqrwdwlrq dv li wkhuh zhuh vxfk

dq dvvhw wkdw |lhogv d qhxwudo uhwxuq1

Wkh qh{w ohppd lv d vwudljkwiruzdug lpsolfdwlrq ri D{lrp :1

Ohppd : Ohw dq| wzr glvwulexwlrqv S 5 S dqg T 5 S eh jlyhq1 Li Sn �} Tn/ wkhq iru doo

! 5 ^3> 4`/ Sn
� �} T

n
� 1 Li S

3 �� T
3/ wkhq iru doo ! 5 ^3> 4`/ S3� �� T

3

� 1

Surri= Li Sn �} T
n/ wkhq Sn �} T

n dqg Tn �} S
n1 Wkxv e| D{lrp : erwk Sn

� �} T
n
� dqg

Tn
� �} S

n
� pxvw krog iru doo ! 5 ^3> 4`/ zklfk lpsolhv Sn

� �} T
n
� 1 Wkh vhfrqg sduw ri wkh ohppd

zlwk uhvshfw wr wkh ��fdq eh suryhg dqdorjrxvo|1 �

Ohppd ; Dq| jdlq ixqfwlrq aj+�, = J$ U dqg orvv ixqfwlrq ac+�, = O$ U kdylqj wkh fruuhvsrqglqj

surshuw| vwdwhg lq Wkhruhp 7 duh gl�huhqwldeoh rq J dqg O/ uhvshfwlyho|/ zlwk aj�+u, A 3 rq J dqg

ac�+u, ? 3 rq O1

Surri= L orrn dw aj+u, rqo|> wkh surri frqfhuqlqj ac+u, lv dqdorjrxv1

Ohw dq| u dqg u� eh jlyhq iurp J dqg dvvxph wkdw u ? u�1 Iurp Wkhruhp 4/ wkhuh h{lvwv

� 5 +3> 4, vxfk wkdw

u �} �u� � +4� �,uf= +74,

Iurp D{lrp : dqg Wkhruhp 7 lw iroorzv wkdw

aj+uf . !+u � uf,, @ �aj+uf . !+u� � uf,, . +4� �,aj+uf, ;! 5 ^3> 4` +75,

aj+uf . !�+u � uf,, @ �aj+uf . !�+u� � uf,, . +4� �,aj+uf, ;!� 5 ^3> 4`= +76,
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Vxewudfwlqj +76, iurp +75, |lhogv

aj+uf . !�+u � uf,,� aj+uf . !+u � uf,,

@ �^aj+uf . !�+u� � uf,,� aj+uf . !+u� � uf,,` ;! 5 ^3> 4`> ;!� 5 ^3> 4`=

Iru ! 5 ^3> 4,/ gh�qh {+!, @ uf . !+u � uf, dqg |+!, @ uf . !+u� � uf,1 Vlqfh aj+u, lv prqrwrql0

fdoo| lqfuhdvlqj lq u rq J/ e| wkh Ohehvjxh gl�huhqwldwlrq wkhruhp +h1j1/ Hgzlq Khzlww dqg Nduo

Vwurpehuj/ 4<88/ s1 597, aj lv gl�huhqwldeoh doprvw hyhu|zkhuh rq dq| forvhg lqwhuydo ri J 1 Wklv

lpsolhv wkdw iru dq| { A uf/ wkhuh h{lvwv | A { vxfk wkdw aj�+|, h{lvwv1

Qrz iru dq| jlyhq { � uf/ fkrrvh u� A u iru | � { vxfk wkdw aj�+|, h{lvwv1 Frqvhtxhqwo|/

aj�+{, @ olp
{%<f

aj+{.�{,� aj+{,

�{

@ olp
{�<f

aj+uf . +!.�!,+u � uf,,� aj+uf . !+u � uf,,

�!+u � uf,

@ olp
{�<f

�^aj+uf . +!.�!,+u� � uf,,� aj+uf . !+u� � uf,,`

�!+u� � uf,
� u� � uf

u� uf

@ � olp
{+<f

aj+| .�|,� aj+|,

�|
� u� � uf

u � uf

@ �aj�+|, � u� � uf

u� uf
=

Lw iroorzv wkdw aj�+{, h{lvwv dqg aj�+{, � 3 iru doo { A uf1 Qrwlqj wkdw aj�+|, @ 3 zrxog lpso| wkdw

aj�+{, @ 3 iru doo { 5 +uf> |,1 Wklv zrxog frqwudglfw wkh surshuw| wkdw aj+|, A aj+{, iru | A { A uf1

Wkxv aj�+{, A 3 iru doo { A uf1 �

Wkhruhp 8 Iru dq| jdlq ixqfwlrq aj+�, = J $ U dqg dq| orvv ixqfwlrq ac+�, = O $ U kdylqj

wkh fruuhvsrqglqj surshuw| vwdwhg lq Wkhruhp 7/ wkh| pxvw kdyh wkh irup aj+u, @ F�+u � uf,
@ dqg

ac+u, @ F2+uf� u,K/ zkhuh d/ e/ F� dqg F2 duh srvlwlyh dqg frqvwdqw uhdo qxpehuv lqghshqghqw ri u1

Surri= Ohw dq| aj+u, eh jlyhq dqg dvvxph wkdw lw vdwlv�hv wkh surshuw| vwdwhg lq Wkhruhp 71

Ohw dq| u dqg u� eh jlyhq iurp J dqg dvvxph wkdw u ? u�1 E| Wkhruhp 4 wkhuh h{lvwv � 5 +3> 4,



67

vxfk wkdw

u �} �u� � +4� �,uf= +77,

E| D{lrp : dqg Wkhruhp 7/

aj+uf . !+u � uf,, @ �aj+uf . !+u� � uf,,> ;!^3> 4`= +78,

Dsso|lqj Ohppd ;/ L gl�huhqwldwh erwk vlghv ri +78, zlwk uhvshfw wr ! dqg rewdlq

aj�+uf . !+u � uf,,+u � uf, @ �aj�+uf . !+u� � uf,,+u� � uf,> ;!^3> 4`= +79,

Glylglqj +79, e| +78, dqg ohwwlqj ! @ 4 wkxv |lhog

aj�+u,+u � uf,

aj+u,
@

aj�+u�,+u� � uf,

aj+u�,
> ;u 5 J>;u� 5 J> +7:,

ru/ htxlydohqwo|/

aj�+u,+u � uf,

aj+u,
@ d> ;u 5 J> +7;,

zkhuh d A 3 lv d frqvwdqw1 Glylglqj erwk vlghv ri +7;, e| u � uf dqg lqwhjudwlqj ryhu dq| lqwhuydo

+u�> u, � J |lhog wkh ghvluhg ixqfwlrqdo irup iru aj> wkdw lv/ aj+u, @ F�+u�uf,@ zkhuh F� lv d frqvwdqw1

Ixuwkhu/ iurp wkh surshuw| wkdw aj lv dq lqfuhdvlqj ixqfwlrq ri u/ F� A 31 Wkh surri frqfhuqlqj ac lv

dqdorjrxv1 �

Wkhruhp 8 lv dq lpsruwdqw uhvxow lq lwv rzq1 Lw mxvwl�hv wkh jdlq0orvv remhfwlyh ixqfwlrqv

wkdw duh iuhtxhqwo| dgrswhg lq survshfw wkhru| dqg lq wkh ehkdylrudo �qdqfh olwhudwxuh1 L glvfxvv

Wkhruhp 8 ixuwkhu lq wkh qh{w vhfwlrq/ dqg frqwlqxh wr surfhhg khuh zlwk wkh ghyhorsphqw ri wkh

lqkhuhqw dvshfwv ri lqyhvwphqw uhzdug dqg ulvn1

Iurp Wkhruhp 8/ wkh jdlq dqg orvv ixqfwlrqv duh gl�huhqwldeoh rq wkh rshq vhwv +uf>4, dqg

+�4> uf, uhvshfwlyho|1 L qrz h{whqg wkh ghulydwlyhv ri wkh jdlq dqg orvv ixqfwlrqv dqg gh�qh aj�+uf,
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dqg ac�+uf, dv wkh ohiw dqg wkh uljkw olplw1 Wkdw lv/

aj�+uf, @ olp
"<f

aj+uf . �,� aj+uf,

�
� � 3

dqg

ac�+uf, @ olp
"<f

ac+uf,� ac+uf � �,

�
� � 3=

Wkh qh{w d{lrp ixuwkhu uhvwulfwv wkh ixqfwlrqdo irup ri wkh lqkhuhqw uhzdug dqg ulvn phdvxuhv1

D{lrp ; +Surshuqhvv, = Wkhuh h{lvw u� dqg u2 +u� A uf A u2,/ �f A 3/ dqg �� 5 +4� �f> 4, dqg

�2 5 +3> �f,/ vxfk wkdw iru doo � 5 +3> �f,/

��u� � +4� ��,uf �} ��+u� � �,� +4� ��,+uf . �, +7<,

�2u� � +4� �2,uf �} �2+u� � �,� +4� �2,+uf . �, +83,

��u2 � +4� ��,uf �� ��+u2 . �,� +4� ��,+uf � �, +84,

�2u2 � +4� �2,uf �� �2+u2 . �,� +4� �2,+uf � �, +85,

L whup wklv d{lrp wkh surshuqhvv d{lrp ehfdxvh lw lpsolhv wkdw wkh jdlq dqg orvv ixqfwlrqv

vkrxog qrw kdyh dq lq�qlwh vorsh +j�+uf, @ 4/ ru c�+uf, @ �4, ru d vorsh ri }hur +j�+uf, @ 3 ru

c�+uf, @ 3, dw wkh qhxwudo ruljlq uf1 Lq whupv ri suhihuhqfhv/ lqwxlwlyho|/ wklv lpsolfdwlrq phdqv wkdw

zkhq uhfhlylqj 4 groodu iru iuhh rqh vkrxog +pdujlqdoo|, qhlwkhu eh lq�qlwho| kdsslhu qru eh wrwdoo|

lqgl�huhqw> olnhzlvh/ zkhq orvlqj 4 groodu rqh vkrxog +pdujlqdoo|, qhlwkhu eh lq�qlwho| xqkdsslhu

qru eh wrwdoo| lqgl�huhqw1�D Qrwh wkdw �{lqj dq| vpdoo dprxqw � dqg fkrrvlqj �� vx�flhqwo| forvh
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wr 4 dqg �2 vx�flhqwo| forvh wr 3 zh fdq dozd|v phhw wkh frqglwlrqv lq +7<,~+85,1 Khuh/ wkh d{lrp

hvvhqwldoo| srvwxodwhv wkdw dq hyhqw wkdw lv yluwxdoo| fhuwdlq +zlwk suredelolw| ri uhdfklqj lw forvh wr

4, grplqdwhv wkh hyhqw wkdw yluwxdoo| zloo qrw kdsshq +zlwk suredelolw| ri uhdfklqj lw forvh wr 3, lq

wkh ghwhuplqdwlrq ri wkh lqkhuhqw _pruh uhzduglqj% dqg _pruh ulvn|% uhodwlrqvklsv1 Iru lqvwdqfh/

vxssrvh u� @ 4/ uf @ 3/ �� @ 3=<<< dqg � @ 3=341 Wkhq/ wkh uhodwlrqvkls lq +7<, vd|v wkdw d

orwwhu| zlwk d suredelolw| 3=<<< ri uhdol}lqj 4 dqg suredelolw| 3=334 ri uhdol}lqj 3 lv lqkhuhqwo| pruh

uhzduglqj wkdw dqrwkhu orwwhu| zlwk wkh vdph suredelolw| 3=<<< ri uhdol}lqj 3=<< dqg suredelolw|

3=334 ri uhdol}lqj 3=341 Wkdw lv/ wkh lqkhuhqw grplqdqfh uhodwlrqvklsv duh urexvw wr +lq�qlwhvlpdoo|,

vpdoo vkliw ri frqwlqjhqw rxwfrphv iurp wkh kljk suredelolw| vwdwh u� wr wkh orz suredelolw| vwdwh

uf1

Ohppd < Iru dq| jdlq ixqfwlrq aj+�, = J $ U dqg dq| orvv ixqfwlrq ac+�, = O $ U kdylqj wkh

fruuhvsrqglqj surshuw| vwdwhg lq Wkhruhp 7/ 3 ? aj�+uf, ?4 dqg �4 ? ac�+uf, ? 31

Surri= Ohw dq| aj+u, eh jlyhq dqg dvvxph wkdw lw vdwlv�hv wkh surshuw| vwdwhg lq Wkhruhp 71

Iurp +7<, lw iroorzv iru doo � 5 +3> �f, wkdw

��aj+u�, . +4� ��,aj+uf, � ��aj+u� � �, . +4� ��,aj+uf . �,>

ru/ dowhulqj whupv/ wkdw

��^aj+u�,� aj+u� � �,` � +4� ��,^aj+uf . �,� aj+uf,`= +86,

Glylglqj erwk vlghv ri +86, e| � A 3 dqg wdnlqj olplw dv � jrhv wr }hur |lhog

aj�+uf, � ��

4� ��
aj�+u�, ?4=

Iurp +83, lw dovr iroorzv iru doo � 5 +3> �f, wkdw

�2aj+u�, . +4� �2,aj+uf, � �2aj+u� � �, . +4� �2,aj+uf . �,>
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ru/ htxlydohqwo|/ wkdw

�2^aj+u�,� aj+u� � �,` � +4� �2,^aj+uf . �,� aj+uf,`= +87,

Glylglqj erwk vlghv ri +87, e| � A 3 dqg wdnlqj olplw dv � jrhv wr }hur |lhog

aj�+uf, � �2

4� �2
aj�+u�, A 3=

Vlploduo|/ ohw dq| ac+u, eh jlyhq dqg dvvxph wkdw lw vdwlv�hv wkh surshuw| vwdwhg lq Wkhruhp 71 Wkh

surshuw| +84, wkhq lpsolhv wkdw

��^ac+u2 . �,� ac+u2,` � +4� ��,^ac+uf,� ac+uf � �,`= +88,

Glylglqj erwk vlghv ri +88, e| � A 3 dqg wdnlqj olplw dv � jrhv wr }hur |lhog

ac�+uf, � ��

4� ��
ac�+u2, A �4=

Dqg �qdoo|/ +85, lpsolhv wkdw

�2^ac+u2 . �,� ac+u2,` � +4� �2,^ac+uf,� ac+uf � �,`= +89,

Glylglqj erwk vlghv ri +89, e| � A 3 dqg wdnlqj olplw dv � jrhv wr }hur |lhog

ac�+uf, � �2

4� �2
ac�+u2, ? 3=

�

Wkxv/ dq| jdlq dqg orvv ixqfwlrqv kdylqj wkh ghvluhg surshuw| lq Wkhruhp 7 vkrxog qrw jurz

wrr idvw/ qru wrr vorz/ dw uf1Wkh qh{w wkhruhp/ wkh pdlq uhvxow ri wklv sdshu/ vwdwhv wkdw wkh jdlq

dqg orvv ixqfwlrqv pxvw eh d olqhdu ixqfwlrq ri u� uf1

Wkhruhp 9 = Iru dq| jdlq ixqfwlrq aj+�, = J $ U dqg dq| orvv ixqfwlrq ac+�, = O$ U kdylqj wkh

fruuhvsrqglqj surshuw| vwdwhg lq Wkhruhp 7/ wkhuh h{lvwv frqvwdqwv F� A 3 dqg F2 A 3 vxfk wkdw

aj+u, @ F�+u � uf, dqg ac+u, @ F2+uf � u,1
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Surri= Vlpso| qrwh iurp Wkhruhp 8 wkdw aj�+uf, @ dF�+u�uf,@3� dqg ac�+uf, @ �eF2+uf�u,K3�1

Ohppd < lpsolhv wkhq d @ 4/ e @ 4/ F� A 3 dqg F2 A 31 �

��; �"%���"' 	&! "#"-�

Wkh qh{w/ dqg odvw/ d{lrp dvvrfldwhv wkh lqkhuhqw grplqdqfh uhodwlrqvkls wr d fdslwdo pdunhw1 Lw

kdv dq lpsruwdqw lpsolfdwlrq iru wkh ohyho ri wkh qhxwudo0uhwxuq ehqfkpdun

D{lrp < +Ohyhudjh Lqghshqghqfh, = Li lqyhvwruv fdq eruurz dqg ohqg dw d ghwhuplqlvwlf lq0

whuhvw udwh us / wkhq u 5 J @, !u . +4 � !,us 5 J dqg u 5 O @, !u . +4 � !,us 5 O/ iru doo

! A 41

Vlqfh !u. +4� !,us lv ghwhuplqlvwlf/ D{lrp BB vlpso| srvwxodwhv wkdw ohyhudjh fdqqrw wxuq

d _vxuh jdlq% lqwr d _vxuh orvv% ru ylfh yhuvd1

Wkhruhp : Li lqyhvwruv fdq eruurz dqg ohqg dw d ghwhuplqlvwlf lqwhuhvw udwh us / wkhq uf @ us 1

Surri= Vxssrvh/ frqwudu| wr zkdw lv vwdwhg lq wkh wkhruhp/ wkdw us ? uf1 Wkhq wkhuh

h{lvwv u 5 +us > uf, vxfk wkdw uhdol}lqj u zloo eh frqvlghuhg d orvv1 Zh kdyh wkhq uf " u exw

uf ! �u . +4 � �,us iru � vx�flhqwo| odujh e| Ohppd 41 Vlploduo|/ li us A uf/ wkhuh h{lvwv

u 5 +uf> us , vxfk wkdw u " uf exw �u . +4� �,us ! uf iru � vx�flhqwo| odujh1 Erwk ri wkhvh zrxog

frqwudglfw D{lrp BB1 Wkxv wkh wkhruhp pxvw krog1 �

Lw lv zruwk qrwlqj wkdw Wkhruhp : pd| qrw dsso| wr lqglylgxdo ehqfkpdunv> lw dssolhv rqo|

wr wkh frpprqo| shufhlyhg/ ghwhuplqlvwlf qhxwudo0uhwxuq ehqfkpdun uf1 Lq d vhqvh/ D{lrp BB

lv uhodwhg wr ulvn0iuhh duelwudjh lq d zhoo0ixqfwlrqlqj fdslwdo pdunhw1 Duelwudjh w|slfdoo| lqyroyhv

vkruwvhoolqj ru ohyhudjh wr orfn lq ulvn0iuhh sur�wv +vxuh jdlq,1 Wkh frpprq shufhswlrq ri d vxuh

jdlq vkrxog wkxv eh frqvlvwhqw zlwk wkh h{lvwhqfh ri dq duelwudjh rssruwxqlw|1 Iru lqvwdqfh/ li wkhuh
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h{lvwv d vwudwhj| wkdw jhqhudwhv d ghwhuplqlvwlf uhwxuq u A us wkhq duelwudjh sur�wv fdq eh uhdol}hg

e| eruurzlqj dw us dqg lqyhvwlqj lq wklv vwudwhj|1

Zlwk wkh suhfhglqj suhsdudwlrqv/ L dp qrz uhdg| wr gh�qh wkh lqkhuhqw uhzdug/ ulvn/ dqg

grplqdqfh phdvxuhv1

Gh�qlwlrq 5 Wkh lqkhuhqw uhzdug ri d uhwxuq glvwulexwlrq S 5 S/ ghqrwhg X+S ,/ lv gh�qhg dv

X+S , @ H^pd{+u � uf> 3,>S `

Gh�qlwlrq 6 Wkh lqkhuhqw ulvn ri d uhwxuq glvwulexwlrq S 5 S/ ghqrwhg G+S ,/ lv gh�qhg dv

G+S , @ H^pd{+uf � u> 3,>S `

Wkh whup pd{+u�uf> 3, lv wkh sur�w rq d rqh0groodu lqyhvwphqw uhodwlyh wr wkh qhxwudo uhwxuq

uf zkhq jdlq dfwxdoo| rffxuv/ dqg wkh whup pd{+uf� u> 3, jlyhv wkh orvv rq d rqh0groodu lqyhvwphqw

uhodwlyh wr wkh qhxwudo uhwxuq uf zkhq orvv dfwxdoo| rffxuv1 Wkxv/ X dqg G fdq dovr eh lqwhusuhwhg

dv wkh h{shfwhg sd|r� rq d fdoo rswlrq/ dqg wkh h{shfwhg sd|r� rq d sxw rswlrq uhvshfwlyho|/ erwk

zlwk d vwulnh sulfh htxdo wr uf rq dq xqghuo|lqj dvvhw wkdw lv zruwk rqh groodu wrgd|1

Wkhruhp ; Ohw dq| S 5 S dqg T 5 S eh jlyhq1 Wkhq S �} T li dqg rqo| li X+S , � X+T,/ dqg

S �� T li dqg rqo| li G+S , � G+T,1

Surri= Vxssrvh S �} T1 Iurp Wkhruhpv 7 dqg 9 lw iroorzv wkdw

F�H+u� uf>S
n, @ F�X+S , � F�H+u � uf>T

n, @ F�X+T,>

zklfk lpsolhv X+S , � X+T, vlqfh F� A 31 Vlploduo|/ li S �� T wkhq

F2H+uf � u>S3, @ F2G+S , � F2H+uf � u>T3, @ F2G+T,>
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zklfk lpsolhv G+S , � G+T, vlqfh F2 A 31 �

Wkh deryh wkhruhp frq�upv wkh dvvxpswlrq L pdgh dw wkh vwduw wkdw wkh uhodwlrqvklsv �} dqg

�� h{lvw1 Lw lv hdv| wr vhh dv zhoo wkdw X dqg G frpsohwho| udqn doo wkh suredelolw| glvwulexwlrqv S 5

S1 Wkhlu udqnlqjv duh wudqvlwlyh/ dqg vdwlvi| doo wkh d{lrpv srvwxodwhg lq wklv sdshu1 Wklv frpsohwhv

wkh ghyhorsphqw ri wkh _lqkhuhqwo| pruh uhzduglqj% dqg _lqkhuhqwo| pruh ulvn|% uhodwlrqvklsv1

L qrz jr rq wr exlog d olqn ehwzhhq wkh lqkhuhqwo| pruh0uhzduglqj dqg pruh0ulvn| uhodwlrq0

vklsv dqg wkh lqkhuhqw grplqdqfh uhodwlrqvkls1

Gh�qlwlrq 7 Ohw dq| S 5 S dqg T 5 S eh jlyhq1 S � T li dqg rqo| li wkhuh h{lvwv ! 5 ^3> 4` vxfk

wkdw

hlwkhu= Sn
� �} Tn dqg S3� �� T

3 > +8:,

ru= Tn
� �} Sn dqg T3� �� S

3 +8;,

S " T li dqg rqo| li wkh uhodwlrqvklsv lq hlwkhu +8:, ru +8;, krog dqg dw ohdvw rqh ri wkhp krogv

vwulfwo|1

D{lrpv 40< khos mxvwli| wkh ohjlwlpdf| ri wklv gh�qlwlrq1 Lpsolflw lq wklv gh�qlwlrq/ pruhryhu/

lv wkh qrwlrq wkdw dq lqyhvwphqw vwudwhj| ehlqj lqkhuhqwo| pruh uhzduglqj dqg lqkhuhqwo| ohvv ulvn|

wkdq dqrwkhu vwudwhj| lv lqkhuhqwo| vxshulru1 Qrwh wkdw/ e| wkh gh�qlwlrqv ri X dqg G/ iru dq|

S 5 S dqg T 5 S wkhuh dozd|v h{lvwv d ! 5 ^3> 4` vxfk wkdw dw ohdvw rqh ri wkh frqglwlrqv lq +8:,

dqg +8;, krogv1

Gh�qlwlrq 8 Wkh lqkhuhqw uhzdug wr ulvn udwlr ri dq| glvwulexwlrq S 5 S/ ghqrwhg ]+S ,/ lv gh�qhg
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dv

]+S , @

;AAAAA?
AAAAA=

4 li G+S , @ 3/ X+S , A 3

LE� �
(E� �

li G+S , 9@ 3

4 li G+S , @ 3/ X+S , @ 3=

+8<,

Wkhruhp < Ohw dq| S 5 S dqg T 5 S eh jlyhq1 Wkhq S � T li dqg rqo| li ]+S , � ]+T,1

Surri= L rqo| qhhg wr vkrz wkdw ]+S , � ]+T, lpsolhv S � T1 Dowkrxjk qrw qhfhvvdu|/ L

dvvxph iru h{srvlwlrqdo frqyhqlhqfh wkdw lqyhvwruv fdq eruurz dqg ohqg dw wkh ulvn0iuhh udwh uf1

Frqvlghu d sruwirolr zlwk ! shu groodu lqyhvwhg lq dq duelwudulo| jlyhq ulvn| dvvhw zlwk udqgrp

uhwxuq u wkdw iroorzv glvwulexwlrq S dqg 4� ! lq wkh ulvn0iuhh dvvhw |lhoglqj uf zlwk fhuwdlqw|1 Ohw

X / G/ dqg ] ghqrwh wkh ulvn| dvvhw*v lqkhuhqw uhzdug/ ulvn/ dqg uhzdug0wr0ulvn udwlr/ uhvshfwlyho|1

Wkh wrwdo uhwxuq rq wklv sruwirolr ryhu wkh kroglqj shulrg lv uf . !+u � uf,1 Wkxv/ ohwwlqj X+S�,/

G+S�,/ dqg ]+S�, ghqrwh wkh lqkhuhqw uhzdug/ ulvn/ dqg uhzdug0wr0ulvn udwlr ri wkh sruwirolr zlwk

udqgrp uhwxuq uf . !+u � uf,/ zh kdyh X+S�, @ !X+S ,/ G+S�, @ !G+S , dqg ]+S�, @ ]+S ,1 Dv

! lqfuhdvhv/ X+S�, dqg G+S�, fohduo| lqfuhdvh lq wkh vdph gluhfwlrq> zkhuhdv ] uhpdlqv frqvwdqw/

vxjjhvwlqj wkdw wkh sruwirolr*v uhodwlyh dwwudfwlyhqhvv lv lqghshqghqw ri wkh doorfdwlrq ri fdslwdo1

Wkxv/ li ]+S , � ]+T, wkhuh h{lvwv ! 5 ^3> 4` vxfk wkdw

hlwkhu = !X+S , � X+T, dqg !G+S , � G+T,>

ru = !X+T, � X+S , dqg !G+T, � G+S ,

E| Gh�qlwlrq 7/ wkhq/ S � T1 �

Lq wkh vshfldo fdvh zkhuh X+S , A 3 dqg G+S , @ 3/ S lv d ulvn0iuhh duelwudjh vwudwhj|1

Dowhuqdwlyho|/ dq| ulvn0iuhh vwudwhj| pxvw kdyh dq lqkhuhqw uhzdug0wr0ulvn udwlr ] @ 41 Wzr

ulvn0iuhh duelwudjh vwudwhjlhv duh frqvlghuhg lqkhuhqwo| htxlydohqw e| dvvxplqj wkdw 4 @41
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Wkh deryh wkhruhp frq�upv wkh dvvxpswlrq wkdw wkh lqkhuhqw grplqdqfh uhodwlrqvkls �

h{lvwv rq S/ vlqfh wkh phdvxuh ] h{lvwv iru dq| S 5 S1 Wkdw wkh phdvxuh ] frpsohwho| udqnv

doo wkh suredelolw| glvwulexwlrqv S 5 S lv reylrxv1 Wklv udqnlqj lv dovr wudqvlwlyh/ dqg vdwlv�hv doo

wkh d{lrpv srvwxodwhg lq wklv sdshu1 Wklv frpsohwhv p| ghyhorsphqw ri wkh lqkhuhqw grplqdqfh

uhodwlrqvkls1

Lq vxppdu|/ L kdyh vkrzq wkdw iru dq| lqyhvwphqw vwudwhj| zkrvh uhwxuq glvwulexwlrq lv jlyhq

dqg zkrvh phdq h{lvwv/ lwv X h{lvwv rq ^3>4,/ G h{lvwv rq +�4> 3`/ dqg ] h{lvwv rq ^3>4`1 Wkxv

doo vxfk vwudwhjlhv fdq eh udqnhg e| wkhlu lqkhuhqw uhzdug/ ulvn/ dqg uhzdug0wr0ulvn udwlr1 Wkhvh

lqkhuhqw phdvxuhv duh dovr xqltxh ehfdxvh iru dq| lqyhvwphqw vwudwhj| zkrvh uhwxuq glvwulexwlrq

lv jlyhq ri zklfk wkh phdq h{lvwv/ lwv X / G/ dqg ] duh xqltxho| ghwhuplqhg1 Ilqdoo|/ lqkhuhqw

phdvxuhv duh wudqvlwlyh vlpso| ehfdxvh wkh lqkhuhqw phdvxuhv duh uhdo qxpehuv1

Kdylqj wkh deryh xqltxhqhvv dqg wudqvlwlylw| surshuwlhv lv lpsruwdqw iru dq| fulwhulrq wkdw

udqnv lqyhvwphqw dowhuqdwlyhv ehfdxvh wkhvh surshuwlhv dyrlg dpeljxlw| dqg hqvxuh frqvlvwhqf|1

Wkh frpsohwhqhvv surshuw| lv ghvludeoh ehfdxvh wkh phdvxuhv fdq eh xvhg iru udqnlqj doo ihdvleoh

dvvhwv/ qrw mxvw d vxevhw ri wkh ihdvleoh dvvhwv1 Iru rqh wklqj/ lw lv zhoo nqrzq wkdw wkh vwrfkdvwlf

grplqdqfh fulwhuld iru udqnlqj lqyhvwphqw dowhuqdwlyhv duh qrw frpsohwh dqg wkxv wkh| kdyh olplwhg

dssolfdelolw|1

Wkh irup ri wkh lqkhuhqw ulvn phdvxuh G kdv ehhq dvvxphg/ dowkrxjk qrw wkhruhwlfdoo| mxv0

wl�hg/ dv d phdvxuh ri ulvn lq vrph h{lvwlqj zrunv +h1j1/ Grpdu dqg Pxvjudyh/ 4<77> Edzd/ 4<:8/

4<:9/ dqg 4<:;> dqg Ilvkexuq/ 4<::> Edzd dqg Olqghqehuj/ 4<::> dqg Kduorz dqg Udr/ 4<;<,1

Lq wkhvh vwxglhv/ lqyhvwphqw uhzdug lv lpsolflwo| dvvxphg wr eh wkh h{shfwhg uhwxuq +ru zhdowk,

dovr zlwkrxw mxvwl�fdwlrq1 Ehuqdugr dqg Ohgrlw +5333,/ dv dq h{fhswlrq/ gh�qh _jdlq% dqg _orvv%

vlplodu lq irup wr rxu lqkhuhqw uhzdug dqg ulvn phdvxuhv X dqg G1 Wkh| vwxg| wkh uhodwlrqvkls
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ehwzhhq wzr dvvhw sulflqj dssurdfkhv ~ wkh prgho0edvhg sulflqj dqg duelwudjh0iuhh sulflqj1 Krz0

hyhu/ Ehuqdugr dqg Ohgrlw*v jdlq dqg orvv phdvxuhv duh gh�qhg e| wdnlqj h{shfwdwlrqv xqghu rqo| d

ehqfkpdun ulvn0dgmxvwhg suredelolw| phdvxuh1 Wkxv wkhlu jdlq dqg orvv phdvxuhv duh htxlydohqw wr

wkh lqkhuhqw phdvxuhv X dqg G ri wkh ehqfkpdun sruwirolr rqo|/ dqg wkh| gr qrw gh�qh wkh uhzdug

dqg ulvn ri lqyhvwphqw vwudwhjlhv lq jhqhudo1 Duw}qhu hw do1 +4<<<, sursrvh d vhw ri surshuwlhv wr

uhvwulfw wkh fodvv ri ulvn phdvxuhv/ zklfk wkh| fdoo wkh fodvv ri _frkhuhqw ulvn phdvxuhv%1 Wkh pdlq

olplwdwlrq ri wkh frkhuhqw ulvn phdvxuhv lv wkdw wkh| duh qrw xqltxh/ dqg wkxv lqglylgxdov pd| vwloo

gl�hu lq wkhlu shufhswlrq ri ulvn dprqj wkhvh frkhuhqw ulvn phdvxuhv1

Frqfhuqlqj wkh lqyhvwphqw uhzdug/ vlqfh iru doo S 5 S/ X+S ,�G+S , @ H+u>S ,/ wkh h{shfwhg

uhwxuq ri dq lqyhvwphqw fdq qrz eh jlyhq dqrwkhu phdqlqj1 Wkdw lv/ H+u>S , fdq eh lqwhusuhwhg dv

wkh qhw lqkhuhqw uhzdug ri wkh lqyhvwphqw ~ wkh uhzdug plqxv wkh ulvn1 Wkdqnv wr wkh htxlydohqfh

ehwzhhq ]+S , � ]+T, dqg ]+S , � 4 � ]+T, � 4/ wkh lqkhuhqw grplqdqfh uhodwlrqvkls S � T

fdq dovr eh h{suhvvhg lq whupv ri H+u>S ,@G+S , � H+u>T,@G+T,1 Wklv kdsshqv wr khos mxvwli|/

dqg rqo| lq wkh fdvh zkhq wkh irup G lv fkrvhq wr phdvxuh ulvn/ wkh xvh ri h{shfwhg uhwxuq dv d

phdvxuh ri uhzdug lq wkh sdvw1

Wr wkh ehvw ri p| nqrzohgjh/ wkh d{lrpdwlf ghyhorsphqw ri lqkhuhqw uhzdug dqg ulvn phdvxuhv

lq wklv sdshu lv wkh �uvw wr wkhruhwlfdoo| ydolgdwh d xqltxh sdlu ri phdvxuhv +lqyduldqw xs wr d srvlwlyh

pxowlsolfdwlyh wudqvirupdwlrq, iru lqyhvwphqw uhzdug dqg ulvn xqghu xqfhuwdlqw|1

+ �������� �����
�
 ��	 ����
����� 	���
���


Vr idu L kdyh qrw dwwhpswhg wr dvvrfldwh wkh lqkhuhqw uhzdug dqg ulvn dqdo|vlv zlwk lqglylgxdo

suhihuhqfhv1 Lw lv wlph qrz wr wdnh d orrn dw krz wkh lqkhuhqw grplqdqfh fulwhulrq pd| khos

h{sodlq vrph revhuyhg ehkdylru wrzdugv ulvn dqg/ hyhqwxdoo|/ iru pdnlqj lqyhvwphqw ghflvlrqv1 Dv
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d vshfldo fdvh ri +5,/ dvvxph wkdw wkh ixqfwlrqdo irup ri wkh ydoxh ixqfwlrq wr eh pd{lpl}hg lv jlyhq

e|

Y +Zf> X+S ,>G+S ,, +93,

zkhuh Y lqfuhdvhv lq X dqg ghfuhdvhv lq G/ iru dq| jlyhq Zf dqg S 1

Iru dq| lqlwldo fdslwdo ri Zf dqg vwudwhj| S / wkh wrwdo lqkhuhqw uhzdug dqg ulvn ri wkh lq0

yhvwphqw duh qdwxudoo| gh�qhg dv ZfX+S , dqg ZfG+S ,/ uhvshfwlyho|1 Lw ehduv uhshdwlqj wkdw wkh

uhodwlyh dwwudfwlyhqhvv ri dowhuqdwlyh vwudwhjlhv grhv qrw fkdqjh zlwk Zf vlqfh ]+S , lv lqghshqghqw

ri Zf1

+�� �"%���"' �"#�1$ $ #"3 
�&$*�-' �%�&�1

Survshfw wkhru|/ ghyhorshg e| Ndkqhpdq dqg Wzhuvn| +4<:<,/ lv d wkhru| ri fkrlfh xqghu xqfhu0

wdlqw| lq zklfk ydoxh lv dvvljqhg wr jdlqv dqg orvvhv udwkhu wkdq wr �qdo dvvhwv1 D w|slfdo irup ri

wkh remhfwlyh ixqfwlrqv glvfxvvhg lq wkh olwhudwxuh ri survshfw wkhru| fdq eh jlyhq dv iroorzv +vhh

Ehqduw}l dqg Wkdohu/ 4<<8,1

Y +Z mZ , @

;A?
A=

+Z �Z ,@ Z �Z

��+Z �Z ,K Z ?Z

+94,

zkhuh d A 3/ e A 3/ dqg � � 41 H{shulphqwv vxjjhvw wkdw lqyhvwruv duh _orvv dyhuvh% +iru pruh

glvfxvvlrq vhh/ h1j1/ Ehqduw}l dqg Wkdohu ^4<<8`,/ zklfk wudqvodwhv lqwr wkh frqglwlrq � � 41

Wkh irxqgdwlrq ri survshfw wkhru| lv edvhg pruh rq revhuyhg ehkdylru/ krzhyhu1 Wkhuh kdv

ehhq vr idu qr qrupdwlyh mxvwl�fdwlrq iru wkh wkhru|1 Lqwhuhvwlqjo|/ rxu ghyhorsphqw ri lqkhuhqw

uhzdug dqg ulvn xs wr Wkhruhp 8 fdq eh vhhq dv r�hulqj d qrupdwlyh irxqgdwlrq iru survshfw wkhru|1

Wkh irupv ri wkh jdlq dqg orvv ixqfwlrqv ghulyhg lq Wkhruhp 8 frlqflgh zlwk wkh xsshu

sduw dqg orzhu sduw ri wkh remhfwlyh ixqfwlrq ri d survshfw lqyhvwru +zlwk d uhvwulfwlrq wkdw wkh
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qhxwudo uhwxuq eh vhw dw }hur,1 Zlwkrxw wkh vxevhtxhqw surshuqhvv d{lrp +D{lrp ;,/ L frxog kdyh

vwrsshg wkhuh dqg gh�qhg wkh pruh jhqhudo +exw ohvv dssolfdeoh, irupv ri lqkhuhqw uhzdug dqg

ulvn phdvxuhv1 Wr vhh wklv/ ohw X+S , dqg G+S , ghqrwh/ uhvshfwlyho|/ wkh jhqhudo lqkhuhqw uhzdug

dqg jhqhudo lqkhuhqw ulvn phdvxuhv wkdw fdq eh ghulyhg zlwkrxw wkh Surshuqhvv D{lrp1 Wkh| duh

gh�qhg dv

X+S , @ H^pd{+u � uf> 3,
@>S `

G+S , @ H^pd{+uf � u> 3,K>S `=

Li dq lqyhvwru pd{lpl}hv wkh h{shfwhg remhfwlyh ixqfwlrq dv jlyhq lq +94,/ wkhq d qhfhvvdu| frqglwlrq

lv wkdw wkh jhqhudo lqkhuhqw uhzdug0wr0ulvn udwlr/ gh�qhg dv ] @ X@G/ eh pd{lpl}hg1 Wkh uhdvrq lv

wkdw pd{lpl}dwlrq ri wkh h{shfwhg ydoxh ri +94, lpsolhv wkdw iru dq| ohyho ri G wkh lqkhuhqw uhzdug

X eh pd{lpl}hg +ru wkdw iru dq| ohyho ri X wkh lqkhuhqw ulvn G eh plqlpl}hg, xqghu dq| jlyhq

ihdvlelolw| frqglwlrq1

L zrxog udwkhu pdlqwdlq/ krzhyhu/ wkdw wkh pruh vshfldo X dqg G phdvxuhv ghyhorshg lq wklv

sdshu duh pruh vxlwdeoh iru fkdudfwhul}lqj wkh lqkhuhqw uhzdug dqg ulvn ri lqyhvwphqwv1 Wkh| duh

qrw rqo| vlpsohu lq frpsxwdwlrqv/ exw duh dovr frqvlvwhqw zlwk D{lrp ; ~ dq d{lrp wkdw fdq dyrlg

wkh h{wuhph mxgjhphqwv derxw hyhqwv zlwk lq�qlwhvlpdoo| vpdoo fkdqfhv ru frqvhtxhqfhv wkdw rqo|

pdujlqdoo| d�hfw rqh*v fxuuhqw zhdowk ohyho1

+�� �"%���"' �"#�1$ $ #"3 '%� ���# $ 
#�#3&9

Ohw xv orrn dw wkh iroorzlqj h{dpsoh wkdw lv dgdswhg iurp Pdfklqd +4<;5,1

H{dpsoh 4 +Doodlv Sdudgr{,1
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Jdph 4= Fkrrvh hlwkhu ri wkh iroorzlqj wzr vwudwhjlhv=

V� = '4> 333> 333

V2 = +3=4,'8> 333> 333� +3=;<,'4> 333> 333� +3=34,'3

Jdph 5= Fkrrvh hlwkhu ri wkh iroorzlqj wzr vwudwhjlhv=

V� = +3=4,'8> 333> 333� +3=<,'3

Ve = +3=44,'4> 333> 333� +3=;<,'3

Li wkh lqyhvwru lv dq h{shfwhg xwlolw| pd{lpl}hu/ klv fkrlfh vkrxog eh hlwkhu V� lq Jdph 4

dqg Ve lq Jdph 5/ ru V2 lq Jdph 4 dqg V� lq Jdph 51 Lw kdv ehhq irxqg/ krzhyhu/ wkdw wkh

pdmrulw| ri wkh lqglylgxdov dvnhg wr udqn vxfk vwudwhjlhv suhihu V� wr V2 lq Jdph 4/ dqg suhihu V�

wr Ve lq Jdph 5 +vhh pruh glvfxvvlrqv lq/ h1j1/ Doodlv/ 4<86/ 4<:<> Pruulvrq/ 4<9:> Udl�d/ 4<9;> dqg

GhJurrw/ 4<:3 ^ss1 <50<7`,1

Wkh lqkhuhqw grplqdqfh fulwhulrq pd| khos h{sodlq wklv sdudgr{1 Lq rughu wr frpsxwh wkh

lqkhuhqw uhzdug dqg ulvn ri wkh vwudwhjlhv suhvhqwhg lq wkhvh wzr jdphv/ d uhdvrqdeoh qhxwudo

ehqfkpdun Yf qhhg eh vshfl�hg1 Vlqfh wkhvh jdphv duh suhvhqwhg wr lqglylgxdov zlwkrxw dvvxplqj

dq| frvw dqg wkhuh h{lvwv d fkrlfh +V�, wkdw jlyhv d vxuh uhwxuq ri '4 ploolrq/ lw lv sodxvleoh wr

dvvxph wkdw Yf 5 +3> 4, +lq ploolrq grooduv,1 Iru rqh wklqj/ lw lv gl�fxow wr lpdjlqh wkdw rqh fdq eh

lqgl�huhqw ru hyhq frqvlghu lw d orvv zkhq uhfhlylqj d ploolrq0groodu jliw> wkxv Yf ? 41 Olnhzlvh/ lw

lv dovr gl�fxow wr lpdjlqh wkdw rqh fdq eh lqgl�huhqw ru hyhq frqvlghu lw d jdlq zkhq frplqj rxw

ri vxfk jdphv hpsw| kdqghg> wkxv Yf A 31 Frqvhtxhqwo| +lq ploolrq grooduv,/

X� @ 4� Yf> G� @ 3> ]� @4

X2 @ 3=4+8� Yf, . 3=;<+4� Yf,> G2 @ 3=34Yf> ]2 ?4
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X� @ 3=4+8� Yf,> G� @ 3=<Yf> ]� @
4

<
+
8

Yf
� 4,

Xe @ 3=44+4� Yf,> Ge @ 3=;<Yf ]e @
44

;<
+4� Yf,=

Lw lv hdv| wr vhh wkdw iru doo Yf 5 +3> 4,/ ]� A ]2 dqg ]� A ]e1 Lq rwkhu zrugv/ wkh lqkhuhqw

grplqdqfh fulwhulrq uhvroyhv wklv Doodlv sdudgr{ lq wklv h{dpsoh1 Dowhuqdwlyho|/ wkh revhuydwlrq ri

lqglylgxdo fkrlfhv lq wklv nlqg ri h{shulphqw vxssruwv wkh dvvxpswlrq wkdw shrsoh suhihu d kljkhu

lqkhuhqw uhzdug0wr0ulvn udwlr1

+�+ �"%���"' � $6 <$� 
'#"3#�3 	�< #' &" #"3 
)' �*' &" 
� -�

Lq wklv vxevhfwlrq/ L frpsduh wkh lqkhuhqw ulvn phdvxuh zlwk vwdqgdug ghyldwlrq +h1j1/ Vkdush/

4<99, ru sxw rswlrq sulfh dv ulvn phdvxuhv +h1j1/ Erglh/ 4<<8> ]rx/ 4<<:,1 Vxssrvh wkhuh lv dq dvvhw

vxfk wkdw lqyhvwlqj 4 groodu wrgd| zloo |lhog 4 . x grooduv zlwk suredelolw| s ru 4 . g grooduv zlwk

suredelolw| 4� s wrpruurz/ zkhuh x A 3 A g1 Iru vlpsolflw| dvvxph wkdw lqyhvwruv fdq eruurz dqg

ohqg dw d }hur ulvn0iuhh lqwhuhvw udwh/ l1h1/ uf @ 31 L orrn dw wkh ulvn phdvxuhv �uvw/ dqg wkhq dw wkh

phdvxuhv lqyroylqj erwk uhzdug dqg ulvn1

Wkh h{shfwhg uhwxuq +ru ulvn suhplxp, rq wklv vhfxulw| lv

H+u, @ sx. +4� s,g=

Wkh vwdqgdug ghyldwlrq/ sxw rswlrq sulfh/ dqg wkh lqkhuhqw ulvn ri wklv dvvhw duh jlyhq dv iroorzv/

zkhuh lq wkh sulfh ri wkh sxw rswlrq wkh sdudphwhu { ghqrwhv wkh vwulnh sulfh ri wkh rswlrq plqxv

41

Wkh vwdqgdug ghyldwlrq= � @ +x� g,
s
s+4� s,1

Wkh sulfh ri sxw rswlrq= S +{, @ �
�3_+{� g,1

Wkh lqkhuhqw ulvn= G @ �+4� s,g1
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H{dpsoh 5 +Vxshulrulw| ri wkh lqkhuhqw grplqdqfh fulwhulrq,1

Dv d qxphulfdo h{dpsoh/ frqvlghu 6 dvvhwv doo kdylqj 83( fkdqfh ri _xs% ru _grzq%1 Wkh|

gl�hu rqo| lq wkh pdjqlwxgh ri wkh _xsv%1 Dvvhw 4 zloo |lhog 93 shufhqw/ Dvvhw 5 zloo |lhog 73

shufhqw/ dqg Dvvhw 6 rqo| 53 shufhqw1 Doo wkh dvvhwv orvh 53 shufhqw zkhq wkh vwdwh lv _grzq% +vhh

Iljxuh 4,1

Fohduo|/ erwk wkh vwdqgdug ghyldwlrq dqg wkh sxw rswlrq sulfh jlyh xv glvwruwhg phdvxuhv ri

ulvn +vhh Wdeoh 4,1 E| wkhvh phdvxuhv/ Dvvhw 4 lv wkh prvw ulvn| dqg Dvvhw 6 wkh ohdvw ulvn|1 Doo

wkh wkuhh dvvhwv krzhyhu/ kdyh wkh vdph suredelolw| ri orvlqj 53(/ zklfk lv rqo| fruuhfwo| uh�hfwhg

lq wkh lqkhuhqw0ulvn phdvxuh G1

Wkh vkruwfrplqj ri yrodwlolw| dqg rswlrq sulfhv dv ulvn phdvxuhv fdq eh ixuwkhu ghprqvwudwhg

zkhq zh fkdqjh wkh pdjqlwxgh ri grzqvlgh orvvhv dv zhoo +vhh Iljxuh 5,1 Qrz/ vxssrvh wkdw Dvvhw 4

uhpdlqv wkh vdph dv lq Iljxuh 41 Lqvwhdg ri orvlqj 53( zkhq wkh vwdwh lv grzq/ Dvvhw 5 zloo orvh

55( dqg Dvvhw 6 zloo orvh 57(/ zlwk wkh vdph suredelolw| ri 3181

Lq Iljxuh 5/ lw lv fohdu wkdw wkh lqkhuhqw ulvn ri Dvvhw 6 lv wkh odujhvw/ iroorzhg e| Dvvhw 5/

dqg Dvvhw 4 kdv wkh ohdvw ulvn dprqj wkh wkuhh dowhuqdwlyhv1 Wkhuh lv qr grxew wkdw vxfk udqnlqj ri

ulvnv vkrxog eh djuhhg xsrq e| doo wkh udwlrqdo sod|huv zkr suhihu pruh wr ohvv1 Wdeoh 5/ krzhyhu/

vkrzv wkh luudwlrqdo udqnlqjv wkdw zrxog eh duulyhg dw li rqh fkrrvh wkh vwdqgdug ghyldwlrq ru wkh

sxw rswlrq sulfh wr phdvxuh ulvn1

Ri frxuvh/ orrnlqj dw ulvn dorqh lv qrw vx�flhqw iru udqnlqj lqyhvwphqw rssruwxqlwlhv1 L qrz

lqfrusrudwh wkh uhzdug lq p| dqdo|vlv1 Wkh iroorzlqj fdq eh hdvlo| yhul�hg1

Wkh fdoo rswlrq sulfh= F+{, @ 3_
�3_+x� {,1

Wkh lqkhuhqw uhzdug X @ sx1

Wkh Phdq0Yduldqfh Uhzdug0wr0Ulvn Udwlr +Vkdush udwlr,= VR @
.Eo�3of

j @
R�nE�3R�_

E�3_�
s
RE�3R�

1
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Wkh Lqkhuhqw Uhzdug0wr0Ulvn Udwlr= ] @ L
( @ � R�

E�3R�_
1

H{dpsoh 6 +Lqkhuhqw grplqdqfh phdvxuh dqg Vkdush udwlr,

Frqvlghu wkh iroorzlqj wzr lqyhvwphqw dowhuqdwlyhv=

D = +3=<<,'6� +3=34,+�'4,

E = +3=<;,'433> 333> 333� +3=35,'3

Zklfk rqh vkrxog dq lqyhvwru suhihuB Reylrxvo| E1 Krzhyhu/

]� @ 3=<<+6,@+3=34, @ 5<:=3 ? ]� @4

V� @ 5= <9@3= 6<: @ := 79 A V� @ <;@47=3 @ :

Wkxv/ dffruglqj wr wkh Vkdush udwlr rqh vkrxog fkrrvh D lqvwhdg ri E1 Wklv h{dpsoh kljkoljkwv

wkh sureohp zlwk yduldqfh ru vwdqgdug ghyldwlrq dv d ulvn phdvxuh1 Ghvslwh wkh idfw wkdw Dvvhw E

kdv qr grzqvlgh ulvn dqg pxfk xsvlgh srwhqwldo/ lwv vwdqgdug ghyldwlrq jurzv dv idvw dv lwv phdq1

Lq idfw rqh fdq dgg dv pdq| }hurv dv rqh zlvkhv rq wkh xsvlgh srwhqwldo lq E dqg wkh Vkdush udwlr

ri E zloo uhpdlq dw :1 Wkh ] udwlr/ rq wkh rwkhu kdqg/ vkrzv wkh dwwudfwlyhqhvv ri E fruuhfwo|1

H{dpsoh 7 +Lqkhuhqw grplqdqfh phdvxuh dqg vnhzqhvv,

Frpsdulqj ixuwkhu wkh ] phdvxuh dqg wkh Vkdush phdvxuh V/ L kdyh wkh iroorzlqj revhuydwlrq1

+4, Iru dq| wzr dvvhwv D dqg E zkrvh uhwxuqv iroorz elqrpldo surfhvvhv kdylqj d }hur

vnhzqhvv/ wkh lqkhuhqw grplqdqfh phdvxuh ]� � ]� li dqg rqo| li wkh Vkdush phdvxuh V� � V�>

+5, Iru dq| wzr dvvhwv D dqg E zkrvh uhwxuqv iroorz elqrpldo surfhvvhv kdylqj wkh vdph

phdq dqg vwdqgdug ghyldwlrq exw gl�huhqw qrq0qhjdwlyh vnhzqhvv/ wkh lqkhuhqw grplqdqfh phdvxuh
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]� A ]� li dqg rqo| li dvvhw D kdv d vwulfwo| kljkhu vnhzqhvv wkdq dvvhw E1 Lq rwkhu zrugv/ wkh

phdq0yduldqfh suhvhuylqj vnhzqhvv lv idyrudeo| udqnhg e| phdvxuh ]> hyhq wkrxjk wkh Vkdush

phdvxuh kdv qr srzhu wr ghwhfw vxfk gl�huhqfhv lq vnhzqhvv1

Wr vkrz wkdw wkhvh vwdwhphqwv krog/ ohw � ghqrwh wkh dvvhw*v phdq uhwxuq1 Wkh vnhzqhvv ri

dq dvvhw*v uhwxuq lv gh�qhg dv

v @
s+x� �,� . +4� s,+g� �,�

�2

@ +4� 5s,+x� g,

Fohduo|/ v lv d prqrwrqlfdoo| ghfuhdvlqj ixqfwlrq ri s/ v A 3 li dqg rqo| li s ? 3=8 dqg v @ 3

li dqg rqo| li s @ 3=81 Wkxv/ vxevwlwxwlqj s @ 3=8 lqwr wkh V phdvxuh dqg wkh ] phdvxuh jlyhv

V @
x. g

x� g
dqg ] @ �x

g

Lw iroorzv wkdw

V @ 4� 5

4 . ]

ru wkdw V dqg ] duh srvlwlyho| uhodwhg1 Wklv frpsohwhv wkh surri ri dvvhuwlrq +4,1

Qrz �{ � dqg � dqg uhjdug x dqg g dv ixqfwlrqv ri s wkdw duh ghwhuplqhg iurp wkh iroorzlqj

htxdwlrqv=

� @ sx. +4� s,g

� @ +x� g,
s
s+4� s,

Gl�huhqwldwlrq |lhogv
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Cx

Cs
@
g� x

5s
dqg

Cg

Cs
@

g� x

5+4� s,

Lw iroorzv wkdw

C]

Cs
@ � +x. g,�

5+4� s,2g2
? 3=

Vlqfh v lv d prqrwrqlfdoo| ghfuhdvlqj ixqfwlrq ri s/ ] pxvw eh prqrwrqlfdoo| lqfuhdvlqj lq v1

+�/ �"%���"' 	&! "#"-� #"3 
'&-%#$' - 	&! "#"-�

Ohw wzr fxpxodwlyh glvwulexwlrqv J dqg I eh jlyhq rq U/ uhsuhvhqwlqj wzr dowhuqdwlyh lqyhvwphqw

vwudwhjlhv/ uhvshfwlyho|1 Lw lv zhoo nqrzq wkdw J grplqdwhv I lq wkh vhqvh ri �uvw0rughu vwrfkdvwlf

grplqdqfh li dqg rqo| li iru doo { 5 U/

J+{, � I +{,> +95,

zlwk vwulfw lqhtxdolw| iru vrph {1 Lw iroorzv wkdw

XC � X8 @

]
"

o

+w� u,g+J+w,� I +w,, @ �
]
"

o

^J+w,� I +w,`gw � 3> +96,

GC �G8 @

] o

3"

+u� w,g+J+w,� I +w,, @

] o

3"

^J+w,� I +w,`gw � 3> +97,

zlwk dw ohdvw rqh vwulfw lqhtxdolw|1 Frqvhtxhqwo|/ ]C A ]8 1 Wkdw lv/ dprqj doo vwudwhjlhv wkdw fdq

eh udqnhg e| wkh �uvw0rughu vwrfkdvwlf grplqdqfh/ wkh phdvxuh ] udqnv wkhp frqvlvwhqwo| zlwk d

kljkhu ] lqglfdwlqj ehwwhu grplqdqfh1

Wklv revhuydwlrq fdq eh ixuwkhu h{whqghg wr wkh vhfrqg0rughu vwrfkdvwlf grplqdqfh1 J grp0

lqdwhv I lq wkh vhqvh ri vhfrqg0rughu vwrfkdvwlf grplqdqfh li dqg rqo| li iru doo { 5 U/
] %

3"

J+w,gw �
] %

3"

I +w,gw +98,
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zlwk vwulfw lqhtxdolw| iru vrph {1 Lw iroorzv wkdw GC �G8 � 3 ^vhh +97,`1 Wdnlqj wkh olplw dv {

jrhv wr lq�qlw| lq +98, |lhogv
U
"

3"
J+w,gw � U"

3"
I +w,gw1 Dv d uhvxow/

XC � X8 � +GC �G8 , @

]
"

3"

I +w,gw�
]
"

3"

J+w,gw � 3= +99,

Wkxv/

]C � ]8 @
4

(C(8

+XCG8 � X8GC, +9:,

@
4

(C(8

^XC+G8 �GC, .GC+XC � X8 ,` +9;,

� 4

(C(8

+XC �GC,+G8 �GC, � 3 +9<,

zkhuh lq +9:, dw ohdvw rqh lqhtxdolw| krogv vwulfwo|1

Lq rwkhu zrugv/ dprqj doo lqyhvwphqw vwudwhjlhv wkdw fdq eh udqnhg e| wkh vhfrqg0rughu

vwrfkdvwlf grplqdqfh/ wkh phdvxuh ] udqnv wkhp frqvlvwhqwo| zlwk d kljkhu ] lqglfdwlqj d ehwwhu

vwudwhj|1 Wkh phdq0yduldqfh fulwhulrq/ rq wkh rwkhu kdqg/ grhv qrw vdwlvi| wklv surshuw| dv fohduo|

vkrzq lq wkh suhylrxv h{dpsohv1 Wkhvh h{dpsohv frq�up wkdw wkh lqkhuhqw grplqdqfh phdvxuh ]

lv d fulwhulrq vxshulru wr erwk wkdw ri vwrfkdvwlf grplqdqfh dqg phdq0yduldqfh1 Lqghhg/ yduldqfh

+ru vwdqgdug ghyldwlrq, phdvxuhv rqo| krz uhdol}hg uhwxuqv rq dq dvvhw �xfwxdwh durxqg wkhlu rzq

phdq/ qrw d qhxwudo0uhwxuq ehqfkpdun1�S Dqg wkh vwrfkdvwlf grplqdqfh fulwhuld duh gl�fxow wr

sdudphwhul}h dqg lqfdsdeoh ri udqnlqj pdq| lqwhuhvwlqj lqyhvwphqw dowhuqdwlyhv1

+�7 
��.&�!#"-� �<#�)#' &"

Wkh lqkhuhqw grplqdqfh phdvxuh ] fdq dovr eh hdvlo| dssolhg wr phdvxulqj wkh shuirupdqfh ri

lqyhvwphqw vwudwhjlhv1 Li d ixqg pdqdjhu fodlpv wkdw kh kdv ehwwhu devroxwh shuirupdqfh wkdq

�SW? L|�ih �Lh_tc �@h�@?Ui Lh t|@?_@h_ _i��@|�L? U@? Mi 4�t*i@_�?} @t @ h�t! 4i@t�hi Tih tic @t �i** @t uLh h@?!�?}

�?�it|4i?| @*|ih?@|��it ��Lti hi|�h? _�t|h�M�|�L?t @hi ?L| t)44i|h�U� A�i 4i@?��@h�@?Ui @?@*)t�t 4@) Mi t��|@M*i
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dqrwkhu pdqdjhu/ iru h{dpsoh/ kh pxvw eh deoh wr vkrz d kljkhu ]1 Wklv fulwhulrq dulvhv vlqfh li

kh uhdol}hg d orzhu ] rq klv ixqg wkdq wkh rwkhu ixqg/ dw ohdvw vrph lqyhvwruv zloo suhihu wkh rwkhu

ixqg iurp wkh vwrfkdvwlf grplqdqfh surshuw| ri wkh ] phdvxuh1 Pruhryhu/ vlqfh wkh ] phdvxuh lv

gh�qhg zlwkrxw dq| uhvwulfwlrq rq wkh uhwxuq glvwulexwlrqv/ lw fdq eh xvhg wr udqn shuirupdqfh ri

lqyhvwphqw ghflvlrqv lqyroylqj vxshulru lqirupdwlrq ru g|qdplf vwudwhjlhv +fi1 fulwlflvp ri wkh xvh ri

VPO e| G|eylj dqg Urvv/ 4<:8d/ 4<:8e,/ dqg ri vwudwhjlhv lqyroylqj wkh xvh ri ghulydwlyh vhfxulwlhv1

Wkxv/ wkh lqkhuhqw grplqdqfh wkhru| r�huv d qhz dssurdfk iru frpsdulqj sruwirolr shuirupdqfh1

Orqj0whup shuirupdqfh fdq qrz eh hydoxdwhg djdlqvw wkh xqlyhuvdo ehqfkpdun ri ulvn0iuhh uhwxuqv/

udwkhu wkdq djdlqvw dq| vxemhfwlyho| fkrvhq ehqfkpdun1 L glvfxvv ixuwkhu shuirupdqfh hydoxdwlrq

lvvxhv lq ]rx +5333,1

/ ���
������� �� �������� �����	 ��	 ��
�

Wkh dgydqwdjh ri wkh phdq0yduldqfh dqdo|vlv lv lwv vlpsolflw|1 Wkh lqkhuhqw dqdo|vlv/ dgplwwhgo|/

pd| lqyroyh frpsoh{ frpsxwdwlrqv vlqfh wkh lqkhuhqw phdvxuhv ghshqg rq wkh hqwluh glvwulexwlrq

dqg qrw mxvw rq wkh �uvw wzr prphqwv ri d glvwulexwlrq1 Iruwxqdwho|/ wkdqnv wr wkh ghyhorsphqw ri

rswlrq sulflqj prghov/ pxfk ri wkh frpsxwdwlrqdo zrun fdq eh hdvlo| exlow rq wkh h{lvwlqj prghov1

Lq wklv vhfwlrq/ L uhvwulfw dwwhqwlrq wr wkh elqrpldo prghov dqg qrupdo glvwulexwlrqv ri uhwxuqv rqo|1

Iru vdnh ri vlpsolflw|/ L qhjohfw glylghqgv ru vwrudjh frvwv ri dvvhwv1

/�� , "&! #� *�&-�$$ &. ��')�"$

Frqvlghu d ex|0dqg0krog vwudwhj| zklfk odvwv iru q shulrgv1 Ohw Uf ghqrwh wkh jurvv ulvn0iuhh udwh ri

uhwxuq +4 soxv wkh lqwhuhvw udwh, shu shulrg/ dqg dvvxph wkdw wkh uhwxuq rq wklv lqyhvwphqw iroorzv

d elqrpldo surfhvv vxfk wkdw wkh jurvv uhwxuq lq hdfk shulrg lv hlwkhu x zlwk suredelolw| s ru g zlwk
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suredelolw| 4 � s1 Ohw S ghqrwh wkh uhwxuq glvwulexwlrq ri wklv vwudwhj| dw wkh hqg ri q shulrgv1

Wkhq/

X+S , @

?[
�'f

q$

m$+q� m,$
s�+4� s,?3�pd{+3> x�g?3� �U?

f ,>

G+S , @

?[
�'f

q$

m$+q� m,$
s�+4� s,?3�pd{+3>U?

f � x�g?3�,=

Wkhvh phdvxuhv duh ghulyhg vlpso| e| vxevwlwxwlqj wkh wuxh suredelolw| s iru wkh ulvn0qhxwudo sured0

elolw| lq wkh elqrpldo rswlrq sulflqj prghov/ dqg wkhq pxowlso|lqj e| U?
f wr |lhog wkh hqg0ri0shulrg

h{shfwhg sd|r�v ri d fdoo rswlrq iru X dqg d sxw rswlrq iru G1 Wkh vwulnh sulfh ri wkhvh rswlrqv lv

U?
f 1

Vlqfh wkh elqrpldo rswlrq sulflqj whfkqltxhv kdyh ehhq h{whqvlyho| h{soruhg/ dqg dq| glv0

wulexwlrq fdq eh dssur{lpdwhg e| d elqrpldo surfhvv +wkh lqwhu0whpsrudo uhwxuqv qrw qhfhvvdulo|

vwdwlrqdu| qru lghqwlfdo/ vhh/ h1j1/ Uxelqvwhlq/ 4<<7,/ frpsxwdwlrq surjudpv duh dydlodeoh wkdw

juhdwo| idflolwdwh wkh frpsxwdwlrq ri lqkhuhqw uhzdug dqg ulvn ri lqyhvwphqw vwudwhjlhv1

/�� �&�!#� 3 $'� =)' &" &. ��')�"$

Qrz ohw xv wxuq wr wkh fdvh zkhuh lqyhvwphqw uhwxuqv duh qrupdoo| glvwulexwhg1 Dv wr eh h{shfwhg/

wkh Eodfn0Vfkrohv rswlrq sulflqj irupxod khosv xv hdvlo| ghulyh forvhg0irup h{suhvvlrqv iru wkh

lqkhuhqw uhzdug dqg ulvn phdvxuhv1

Dvvxph wkdw wkh lqyhvwphqw uhwxuqv duh qrupdoo| glvwulexwhg zlwk phdq �W dqg vwdqgdug

ghyldwlrq �
s
W ryhu wkh kroglqj shulrg ^3> W `/ zkhuh � dqg � duh wkh dqqxdol}hg dqg frqwlqxrxvo|

frpsrxqghg h{shfwhg uhwxuq dqg vwdqgdug ghyldwlrq/ dqg W lv wkh ohqjwk ri wkh kroglqj shulrg

phdvxuhg lq |hduv1 Ohw uf ghqrwh wkh frqwlqxrxvo| frpsrxqghg dqqxdo ulvn0iuhh lqwhuhvw udwh/ dqg
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ohw S ghqrwh wkh hqg0ri0krul}rq glvwulexwlrq ri wkh lqyhvwphqw uhwxuqv1 Lw fdq eh vkrzq wkdw

X+S , @ h>AQ+g�,� hofAQ+g2, +:3,

G+S , @ hofAQ+�g2,� h>AQ+�g�, +:4,

zkhuh

g� @ +
�� uf

�
.
�

5
,
s
W > g2 @ +

�� uf

�
� �

5
,
s
W =

Ehfdxvh wkh ghulydwlrq vkhgv oljkw rq wkh gl�huhqfh ehwzhhq wkh lqkhuhqw phdvxuhv dqg wkh

rswlrq sulfhv/ L vnhwfk d surri iru wkh h{suhvvlrq ri G+S , dv iroorzv1�.

D Hxurshdq sxw rswlrq rq dq dvvhw zlwk dq h{huflvh sulfh htxdo wr [ fdq eh ghvfulehg dv

wkh suhvhqw ydoxh ri wkh rswlrq lq d �fwlwlrxv ulvn0qhxwudo hfrqrp|1 Ohw Y +3, dqg Y +W , ghqrwh wkh

xqghuo|lqj dvvhw*v fxuuhqw sulfh dqg sulfh dw W / uhvshfwlyho|/ dqg vxssrvh wkdw wkh ulvn0iuhh udwh

zhuh � lqvwhdg ri uf1 D �fwlwlrxv ydoxh iru wklv lpdjlqhg sxw rswlrq Sof'> fdq wkhq eh rewdlqhg1

Sof'> @ h3>AH+pd{^3>[ � YA `, @ h3>A[Q+�g2,� YfQ+�g�, +:5,

zkhuh

g� @
oq+Tff , . +�. j2

2 ,W

�
s
W

dqg g2 @ g� � �
s
W +:6,

Vxevwlwxwlqj Yfh
ofA iru [ lq +:5,0+:6,/ dqg qrwlqj wkdw G+S , @ h>ASof'>@Yf/ |lhogv wkh h{suhvvlrq

lq +:4,1 Wkh h{suhvvlrq lq +:3, iru wkh lqkhuhqw uhzdug/ X+S ,/ fdq eh ghulyhg lq wkh vdph zd|1

�.�L|i |�@| �? |�i _ih��@|�L?c |�ihi �t ?L ?ii_ |L @tt�4i |�@| |�i @U|�@* h�t!�uhii h@|i of ' >( W L?*) �ti |�i LT|�L?

Th�U�?} uLh4�*@ @?_ |@!i @ t�Lh| U�| |L |�i _ih��@|�L? Lu |�i i Thitt�L? Lu (E� ��
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7 �������� �����
�
 �� 
��������
 ��	 ��������

����������

L qrz h{whqg wkh suhylrxv ghyhorsphqw ri lqkhuhqw phdvxuhv wr d sruwirolr frqwh{w1 L lqyhvwljdwh

wkh lvvxhv ri glyhuvl�fdwlrq/ lqwurgxfh wkh frqfhsw ri lqkhuhqw h�flhqf| ri dq lqyhvwphqw vwudwhj| ru

sruwirolr/ dqg h{dplqh wkh lpsolfdwlrqv uhjduglqj htxloleulxp dvvhw sulfhv li wkhuh h{lvw lqkhuhqwo|

h�flhqw sruwirolrv1

Gh�qlwlrq 9 +Lqkhuhqw H�flhqf|, D glvwulexwlrq S 5 S lv lqkhuhqwo| h�flhqw li dqg rqo| li

S � T iru doo glvwulexwlrqv T 5 S> wkdw lv/ li dqg rqo| li ]+S , � ]+T, iru doo T 5 S1

Lw lv xvhixo wr dovr gh�qh lqkhuhqw h�flhqf| rq vrph frqvwudlqhg glvwulexwlrq fodvv ri S1 Iru

lqvwdqfh/ qrw doo glvwulexwlrqv lq S pd| eh dwwdlqhg zlwk ihdvleoh vwudwhjlhv V 5 
1 Ohw Sf � S eh

wkh fodvv ri glvwulexwlrqv lq S wkdw duh dwwdlqdeoh lq wkh vhqvh wkdw

Sf @ iS7 5 Sm<V 5 
> V = 4$ S7 5 Sj

L dvvxph khuh wkdw li S 5 Sf dqg T 5 Sf/ wkhq iru doo ! 5 ^3> 4`/ !S . +4� !,T 5 Sf1�H Lw lv fohdu

wkdw wkh gh�qlwlrq ri ihdvleoh vwudwhjlhv gh�qhv d fruuhvsrqghqfh iurp wkh vwudwhj| vsdfh 
 rqwr

wkh dwwdlqdeoh uhwxuq glvwulexwlrq vsdfh Sf1 Iru frqyhqlhqfh/ wkxv/ L vkdoo rffdvlrqdoo| gluhfwo| fdoo

d uhwxuq glvwulexwlrq lq S 5 Sf d vwudwhj|1

Gh�qlwlrq : +Frqvwudlqhg Lqkhuhqw H�flhqf|, D vwudwhj| V 5 
 zlwk uhwxuq glvwulexwlrq S7 5 Sf
lv lqkhuhqwo| h�flhqw zlwklq Sf li dqg rqo| li S7 � T iru doo glvwulexwlrqv T 5 Sf> lq rwkhu zrugv/

li dqg rqo| li ]+S7, � ]+T, iru doo T 5 Sf1
�HA��t @tt�4T|�L? U@? Mi 4@_i t|hL?}ih M) @**L��?} uLh *i�ih@}i @?_ t�Lh| ti**�?}c Lu UL�htic �? ���U� U@ti � M ^�
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Iru qrwdwlrqdo frqyhqlhqfh/ L frqvlghu khuh vwudwhjlhv zkrvh uhwxuqv duh frqwlqxrxvo| glv0

wulexwhg1 Dqdo|vlv ri glvfuhwh glvwulexwlrqv lv vlplodu dqg L ohdyh wkh ghwdlov wr wkh uhdghu1 Ohw wzr

duelwudu| vwudwhjlhv D dqg E eh jlyhq/ ohw { @ u� � uf dqg | @ u� � uf ghqrwh wkh udqgrp h{fhvv

uhwxuqv ryhu wkh qh{w shulrg ri D dqg E/ uhvshfwlyho|/ dqg ohw i+{> |, ghqrwh wkh mrlqw ghqvlw| ixqf0

wlrq ri { dqg |1 Wkh pdujlqdo ghqvlw| ixqfwlrqv zloo eh ghqrwhg e| i�+{, dqg i�+|,/ uhvshfwlyho|1

L dovr doorz olplwhg oldelolw| wr suhyhqw h{fhvv uhwxuqv iurp idoolqj ehorz �433(/ wkxv { 5 ^�4>4,

dqg | 5 ^�4>4,1�b

Frqvlghu sruwirolr S @ !D . +4 � !,E zlwk 3 ? ! ? 41 Wkdw lv/ wkh uhwxuq rq sruwirolr S

zloo eh !{. +4� !,| li wkh uhdol}hg mrlqw uhwxuqv ri D dqg E duh { dqg |1 Ohwwlqj f @ !@+4� !,/

lw fdq eh yhul�hg wkdw

G+S , @ �
]
�%nE�3��+$f

^!{. +4� !,|`i+{> |,g{g| +:7,

@ �!
] �

S

3�

{^

]
3S%

3�

i+|m{,g|`i�+{,g{� +4� !,

] S

3�

|^

]
3
+

S

3�

i+{m|,g{`i�+|,g| +:8,

@ �!
] �

S

3�

{I�+�f{m{,i�+{,g{� +4� !,

] S

3�

|I�+�|
f
m|,i�+|,g|> +:9,

zkhuh I�+�m|, dqg I�+�m{, duh wkh frqglwlrqdo fxpxodwlyh glvwulexwlrqv +ri wkh h{fhvv uhwxuqv, iru

wkh wzr vwudwhjlhv1 Iluvw qrwh wkdw li { dqg | duh shuihfwo| srvlwlyho| fruuhodwhg/ wkhq | @ d . e{

zlwk e A 31 Duelwudjh zloo hqvxuh wkdw d @ 3/ wkxv | @ e{1 Lq wklv fdvh/ I�+�+
S m|, @ 4 li | ? 3 dqg

@ 3 li | A 31 Vlploduo|/ I�+�f{m{, @ 4 li { ? 3 dqg @ 3 li { A 31 Dv d uhvxow/

G+S , @ �!
] f

3�

{i�+{,g{� +4� !,

] f

3�

|i�+|,g| +::,

�bW @4 |��t �t�?} uLh�@h_ Th�Uit EU�hhi?| Th�Ui 4�*|�T*�i_ M) � n of� |L _i|ih4�?i *�4�|i_ *�@M�*�|)� �|�ih��ti W

U@? hi^��hi |�i hi|�h?t @?_ ?L| i Uitt hi|�h?t |L Mi }hi@|ih Lh i^�@* |L 3�� A��t �t ?L| itti?|�@*c �L�i�ihc t�?Ui |�i

t�Mti^�i?| @?@*)t�t U@? Mi _�hiU|*) i |i?_i_ |L @?) *L�ih ML�?_ Lu |�i hi|�h? �@h�@M*it�
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@ !G+D, . +4� !,G+E, +:;,

Ohppd 43 +Vxe0dgglwlylw|, Ohw sruwirolr S @ !D . +4 � !,E zlwk 3 ? ! ? 4 eh jlyhq1 Wkhq

G+S , ? !G+D, . +4� !,G+E, li dqg rqo| li { dqg | duh qrw shuihfwo| srvlwlyho| fruuhodwhg1 Wkdw

lv/ lqkhuhqw ulvn fdq eh uhgxfhg wkurxjk glyhuvl�fdwlrq dprqj lpshuihfwo| ru qhjdwlyho| fruuhodwhg

vwudwhjlhv1

Surri= Vxssrvh wkdw { dqg | duh lpshuihfwo| fruuhodwhg1 Qrwh wkdw I�+�f{m{, dqg I�+�+
S m|,

duh erxqghg dqg prqrwrqlf ixqfwlrqv ri | dqg { uhvshfwlyho|/ dqg olp%<3� I�+�f{m{, @ I�+fm �

4n,/ olp+<3� I�+�+
S m|, @ I�+

�
S m � 4n, h{lvw dqg olp%<" I�+�f{m{, @ olp+<" I�+�+

S m|, @ 31 Lw

iroorzv iurp wkh Vhfrqg Phdq Ydoxh Wkhruhp wkdw wkhuh h{lvw � 5 +�4> �
S
, dqg � 5 +�4> f, vxfk

wkdw

G+S , @ �!I�+fm � 4n,

] 1

3�

{i�+{,g{� +4� !,I�+
4

f
m � 4n,

] #

3�

|i�+|,g| +:<,

� �!I�+fm � 4n,

] f

3�

{i�+{,g{� +4� !,I�+
4

f
m � 4n,

] f

3�

|i�+|,g| +;3,

� �!
] f

3�

{i�+{,g{� +4� !,

] f

3�

|i�+|,g| +;4,

@ !G+D, . +4� !,G+E, +;5,

zkhuh dw ohdvw rqh ri wkh lqhtxdolwlhv pxvw vwulfwo| krog1 �

Wkhruhp 43 Ohw vwudwhj| E 5 Sf eh jlyhq dqg ohw u� ghqrwh wkh udqgrp uhwxuq xqghu vwudwhj|

E1 Li E lv lqkhuhqwo| h�flhqw rq Sf/ wkhq iru doo ihdvleoh vwudwhjlhv D 5 Sf zlwk +udqgrp, uhwxuq

ghqrwhg u�/

H+u� � ufmu� � uf,H+u� � ufmu� � uf, � H+u� � ufmu� � uf,H+u� � ufmu� � uf, +;6,

zkhuh htxdolw| krogv li vkruw vhoolqj D lv ihdvleoh1
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Surri= Li E lv lqkhuhqwo| h�flhqw/ wkhq e| gh�qlwlrq lw pxvw kdyh wkh kljkhvw lqkhuhqw grpl0

qdqfh phdvxuh1 Wkdw lv/ iru dq| vwudwhj| D 5 Sf/ dqg dq| sruwirolr S @ !D. +4� !,E/

]+E, � pd{]+S , ;! 5 U

Djdlq/ ohw { @ u� � uf dqg | @ u� � uf ghqrwh wkh h{fhvv uhwxuqv ri D dqg E1 Ohw I +{> |, ghqrwh

wkh mrlqw fxpxodwlyh glvwulexwlrq ri +{> |,1 Wkh lqkhuhqw uhzdug dqg ulvn ri wklv sruwirolr duh jlyhq

e|

X+S , @

]
�%nE�3��+Df

^!{. +4� !,|`gI +{> |,> +;7,

G+S , @ �
]
�%nE�3��+$f

^!{. +4� !,|`gI +{> |,= +;8,

Lw fdq eh yhul�hg wkdw +diwhu gursslqj wkrvh whupv wkdw frqyhujh wr }hur dv !$ 3,

CX+S ,

C!
m�'f @

]
+Df

+{� |,gI +{> |,> +;9,

CG+S ,

C!
m�'f @

]
+$f

+| � {,gI +{> |,= +;:,

E| gh�qlwlrq/

]
+Df

{gI +{> |, @ H+{m| � 3,^4� I�+3,`>

]
+$f

{gI +{> |, @ H+{m| � 3,I�+3,>

]
+Df

|gI +{> |, @ H+|m| � 3,^4� I�+3,` @ X+E,>

]
+$f

|gI +{> |, @ H+|m| � 3,I�+3, @ �G+E,=

Wkxv/ E ehlqj lqkhuhqwo| h�flhqw lpsolhv wkdw

CX+S ,

C!
m�'fG+E,� CG+S ,

C!
m�'fX+E,

@ ^H+{m| � 3,+4� I�+3,,� X+E,`G+E, . ^H+{m| � 3,I�+3, .G+E,`X+E,

@ ^H+{m| � 3,+4� I�+3,,`G+E,� ^H+|m| � 3,I�+3,`X+E, � 3 +;;,
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zkhuh htxdolw| krogv li ! ? 3 lv doorzhg/ l1h1/ li vkruw vhoolqj dvvhw D lv ihdvleoh1 Vlqfh X+E, @

H+|m| � 3,^4� I�+3,` dqg G+E, @ �H+|m| � 3,I�+3,/ lw iroorzv wkdw +;6, pxvw krog1 �

Dq lpphgldwh fruroodu| ri Wkhruhp 43 lv d fdslwdo dvvhw sulflqj prgho wkdw ghslfwv d vlpsoh

uhodwlrqvkls ehwzhhq wkh lqkhuhqw uhzdug dqg lqkhuhqw ulvn ri dvvhwv dqg dq lqkhuhqwo| h�flhqw

sruwirolr1

Fruroodu| 4 Li wkhuh h{lvwv dq lqkhuhqwo| h�flhqw sruwirolr +ru vwudwhj|, E 5 Sf/ dqg vkruw vhoolqj

ri dvvhwv lv ihdvleoh iru dvvhwv lq 
/ wkhq iru doo vwudwhjlhv D 5 Sf/

X+D, @ G+D, . �5^X+E,�G+E,` +;<,

zkhuh

�5 @
H^+uf � u�,mu� � uf`

H^+uf � u�,mu� � uf`

Wklv lv dq lqwhuhvwlqj uhodwlrqvkls ehwzhhq doo vwudwhjlhv lq 
 dqg rqh sduwlfxodu lqkhuhqwo|

h�flhqw vwudwhj| lq 
 lq whupv ri wkhlu lqkhuhqw uhzdug dqg ulvn1

Vxevwlwxwlqj P +wkh pdunhw sruwirolr, iru E lq +;<, |lhogv wkh iroorzlqj fdslwdo dvvhw sulflqj

uhodwlrqvkls wkdw �uvw dsshduhg lq Edzd dqg Olqghqehuj +4<::,1

Fruroodu| 5 Li wkhuh h{lvwv d pdunhw sruwirolr P zklfk lv lqkhuhqwo| h�flhqw/ wkhq iru dq| dvvhw

D/

H+u�,� uf @ �^H+u� ,� uf` +<3,

zkhuh

� @
H^+uf � u�,mu� � uf`I� +uf,

G�

Wklv fruroodu| iroorzv gluhfwo| iurp wkh idfw wkdw H+umS ,�uf @ X+S ,�G+S ,1 L vkdoo h{soruh

wkh pdq| lpsolfdwlrqv ri +;6, ixuwkhu lq ]rx +5333,/ dqg h{dplqh krz lw zrunv lq d frpsohwh fdslwdo

pdunhw1
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Wklv sdshu suhvhqwv d qhz sdudgljp +lqkhuhqw uhzdug dqg ulvn sdudgljp, iru lqyhvwphqw dqdo|vlv

xqghu xqfhuwdlqw|1 Dvvxplqj wkdw wkhuh duh lqkhuhqw lqyhvwphqw uhzdug dqg ulvn wkdw fdq eh

dqdo|}hg remhfwlyho|/ L wdnh d qrupdwlyh dssurdfk wr lqyhvwljdwh krz vxfk uhzdug dqg ulvn vkrxog

eh shufhlyhg dqg phdvxuhg ~ iru dq| zhoo gh�qhg lqyhvwphqw vwudwhj|1 E| irupxodwlqj d v|vwhp

ri d{lrpv iru frpprq +remhfwlyh, mxgjhphqw/ L ghulyh wkh h{lvwhqfh ri d xqltxh +udwlr vfdoh, sdlu

ri lqkhuhqw uhzdug +X, dqg lqkhuhqw ulvn +G, phdvxuhv1 Wkhvh phdvxuhv duh vlpso| wkh h{shfwhg

+devroxwh, ydoxhv ri wkh lqyhvwphqw*v srvlwlyh h{fhvv uhwxuqv +jdlqv, dqg qhjdwlyh h{fhvv uhwxuqv

+orvvhv,1 L wkhq gh�qh wkh lqkhuhqw uhzdug0wr0ulvn udwlr/ ] @ X@G/ wkdw fdq eh xvhg wr frqvlvwhqwo|

udqn doo zhoo gh�qhg lqyhvwphqw vwudwhjlhv lq whupv ri lqkhuhqw grplqdqfh1 Wklv lqkhuhqw grplqdqfh

fulwhulrq lv vkrzq wr eh frqvlvwhqw zlwk wkh �uvw0rughu vwrfkdvwlf grplqdqfh fulwhulrq dqg wkh qr0

duelwudjh sulqflsoh1 Dv d uhvxow/ L hvwdeolvk d qrupdwlyh irxqgdwlrq iru wkh dqdo|vlv ri lqyhvwphqw

uhzdug dqg ulvn/ dqg iru wkh pruh jhqhudo sxusrvh ri pdnlqj lqyhvwphqw ghflvlrqv xqghu xqfhuwdlqw|1

D e|0surgxfw lv Wkhruhp 7/ zklfk fdq eh uhjdughg dv d jhqhudol}dwlrq ri yrq Qhxpdqq0

Prujhqvwhuq h{shfwhg xwlolw| wkhru| wkdw doorzv wkh ixqfwlrqdo irupv ri xwlolw| ri jdlqv dqg xwlolw|

ri orvvhv wr ydu| dv wkh lqyhvwru*v ehqfkpdun dqg2ru lqyhvwphqw krul}rq fkdqjhv1 Lw wkxv frqwulexwhv

d qrupdwlyh irxqgdwlrq wr survshfw wkhru|/ lq zklfk vlplodu lqyhvwphqw remhfwlyhv duh iuhtxhqwo|

dvvxphg1

Wkh lqkhuhqw uhzdug dqg ulvn sdudgljp lv vkrzq wr surgxfh iuxlwixo uhvxowv1 Dsduw iurp

ehlqj deoh wr uhvroyh vrph sureohpv lq wkh h{shfwhg xwlolw| sdudgljp/ lw dovr hqmr|v frpsxwdwlrqdo

vlpsolflw| wkdqnv wr wkh ghyhorsphqw ri rswlrq sulflqj prghov1 Prvw ri wkh nqrzq uhvxowv lq

wkh phdq0yduldqfh sdudgljp �qg d sdudooho h{suhvvlrq khuh/ vxfk dv lqkhuhqw ulvn glyhuvl�fdwlrq/

wkh vhsdudwlrq wkhruhp/ lqkhuhqw h�flhqf| +y1v1 phdq0yduldqfh h�flhqf|,/ wkh fdslwdo dvvhw sulflqj
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prgho/ dqg vr rq1 Doo wkhvh uhvxowv duh jhqhudoo| lpsuryhg lq wkh lqkhuhqw uhzdug dqg ulvn sdudgljp/

wkrxjk1 Wkh| qrz krog iru doo ihdvleoh glvwulexwlrqv ri uhwxuqv +zlwk �qlwh phdqv, dqg qr orqjhu

ghshqg rq wkh vshfl�f dvvxpswlrqv frqfhuqlqj wkh uhwxuq glvwulexwlrqv +h1j1/ qrupdo,1 Wkh gl�fxow

lvvxh ri shuirupdqfh hydoxdwlrq ehfrphv d vlpsoh pdwwhu ri frpsdulqj wkh lqkhuhqw uhzdug0wr0ulvn

udwlr/ wkh ] phdvxuh +ru lwv yduldwlrqv/ vhh ]rx +5333,,1

Pdq| lvvxhv uhpdlq wr eh lqyhvwljdwhg1 L olvw khuh mxvw d ihz wkrxjkwv wr frqfoxgh wkh sdshu1

Zkdw duh ixuwkhu lpsolfdwlrqv ri wkh fdslwdo dvvhw sulflqj prgho ghulyhg xqghu wkh lqkhuhqw h�flhqf|

k|srwkhvlvB Krz wr whvw wkh prgho dqg zkdw hpslulfdo uhvxowv gr zh h{shfwB2f Fdq zh h{whqg

wkh lqkhuhqw wkhru| wr vlwxdwlrqv zkhuh pxowlsoh vrxufhv ri ulvn duh lqyroyhgB Zkdw duh wkh lqwhu0

whpsrudo surshuwlhv ri dq dvvhw*v ru g|qdplf vwudwhj|*v lqkhuhqw uhzdug dqg ulvnB Duh wkh lqkhuhqw

dqdo|vlv dqg uhvxowv urexvw wr khwhurjhqhrxv eholhiv dqg dv|pphwulf lqirupdwlrqB Zkdw zloo eh wkh

rswlpdo lqyhvwphqw ghflvlrqv lq dq lqkhuhqwo| h�flhqw pdunhwB Dqg vr rq 111

: ���������


Doodlv/ P1 _Oh Frpsruwhphqw gh o*Krpph Udwlrqho ghydqw oh Ulvtxh/ Fulwltxh ghv Srvwxodwhv hw

D{lrphv gh o*Hfroh Dphulfdlqh1% Hfrqrphwulfd/ 54/ 4<86/ ss1 83608791

Doodlv/ P1 _ Wkh Vr0Fdoohg Doodlv Sdudgr{ dqg Udwlrqdo Ghflvlrqv Xqghu Xqfhuwdlqw|1% Sduw Y

ri H{shfwhg Xwlolw| K|srwkhvlv dqg wkh Doodlv Sdudgr{/ hg1 e| P1 Doodlv dqg R1 Kdjhq1

Gruguhfkw/ Kroodqg= G Uhlgho Sxeolvklqj Frpsdq|/ 4<:<1

Doodlv/ P1 _Wkh Irxqgdwlrqv ri d Srvlwlyh Wkhru| ri Fkrlfh Lqyroylqj Ulvn dqg d Fulwlflvp ri wkh

Srvwxodwhv dqg D{lrpv ri wkh Dphulfdq Vfkrro1% Sduw LL ri H{shfwhg Xwlolw| K|srwkhvlv dqg

2f5iic i�}�c O@h*L� @?_ +@L E�bHb� @?_ |�i hiuihi?Uit |�ihi�? uLh i4T�h�U@* �?�it|�}@|�L?t Lu |�i ���� 4L_i*

_ih��i_ ��|� h�t! Mi�?} _i�?i_ @t @ tiUL?_�Lh_ih *L�ih�T@h|�@* 4L4i?|�
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wkh Doodlv Sdudgr{1/ hg1 e| P1 Doodlv dqg R1 Kdjdq1 Gruguhfkw/ Kroodqg= G Uhlgho Sxeolvklqj

Fr1 4<:<1 +Wudqvodwhg iurp Hfrqrphwulh/ Froortxhv Lqwhuqdwlrqdx{ gx Fhqwuh qdwlrqdo gh

od Uhfkhufkh Vflhqwl�txh1 Yro1 [O1 Sdulv/ 4<86/ ss1 58:06651

Duurz/ N1 M1 _Hvvd|v lq wkh Wkhru| ri Ulvn Ehdulqj1% Dpvwhugdp= Qruwk Kroodqg/ 4<:71

Duw}qhu/ Sklolssh/ Iuhgg| Ghoedhq/ dqg Mhdq0Pduf Hehu/ _Frkhuhqw Phdvxuh ri Ulvn1% Mrxuqdo

ri Pdwkhpdwlfdo Ilqdqfh/ yro1 </ qr1 6/ Mxo| 4<<</ 536055;1

Edzd/ Ylmd| V1 _Rswlpdo Uxohv iru Rughulqj Xqfhuwdlq survshfwv1% Mrxuqdo ri Ilqdqfldo Hfr0

qrplfv/ 5/ 4<:8/ ss1 <804541

Edzd/ Ylmd| V1 _Dgplvvleoh Sruwirolrv Iru Doo Lqglylgxdov1% Wkh Mrxuqdo ri Ilqdqfh/ yro1 [[[L/

qr1 7/ Vhswhpehu 4<:9/ ss1 449<044;61

Edzd/ Ylmd| V1 dqg Olqghqehuj/ Hulf E1 _Fdslwdo pdunhw Htxloleulxp lq D Phdq0Orzhu Sduwldo

prphqw Iudphzrun1% Mrxuqdo ri Ilqdqfldo Hfrqrplfv/ 8/ 4<::/ ss1 4;<05331

Edzd/ Ylmd| V1 _Vdihw|0Iluvw/ Vwrfkdvwlf Grplqdqfh/ dqg Rswlpdo Sruwirolr Fkrlfh1% Mrxuqdo ri

Ilqdqfldo dqg Txdqwlwdwlyh Dqdo|vlv/ Mxqh 4<:;/ ss1 588059<1

Ehqduw}l/ Vkorpr/ dqg Ulfkdug K1 Wkdohu1 _P|rslf Orvv Dyhuvlrq dqg wkh Htxlw| Suhplxp

Sx}}oh1% Txduwhuo| Mrxuqdo ri Hfrqrplfv/ Iheuxdu|/ 4<<:/ ss1 :60<51

Ehuqdugr/ Dqwrqlr H1/ dqg Rolylhu Ohgrlw/ _Jdlq/ Orvv/ dqg Dvvhw Sulflqj1% Mrxuqdo ri Srolwlfdo

Hfrqrp|/ yro1 43;/ qr1 4/ 5333/ ss1 47704:51

Eodfn/ Ilvfkhu/ dqg P|urq Vfkrohv1 _Wkh Sulflqj ri Rswlrqv dqg Frusrudwh Oldelolwlhv1% Mrxuqdo

ri Srolwlfdo Hfrqrp|/ yro1 ;4/ qr1 6/ Pd|2Mxqh 4<:6/ ss1 96:0871
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Erglh/ ]yl1 _Rq wkh Ulvn ri Vwrfnv lq wkh Orqj Uxq1% Ilqdqfldo Dqdo|vwv Mrxuqdo/ yro184/ qr1 6/

Pd|2Mxqh 4<<8/ ss1 4;0551

Fdvv/ Gdylg dqg Vwljolw}/ Mrvhsk H1 _Wkh Vwuxfwxuh ri Lqyhvwru suhihuhqfhv dqg Dvvhw Uhwxuqv/ dqg

Vhsdudelolw| lq Sruwirolr Doorfdwlrq= D Frqwulexwlrq wr wkh Sxuh Wkhru| ri Pxwxdo Ixqgv1%

Mrxuqdo ri Hfrqrplf Wkhru|/ 5/ 4<:3/ ss1 45504931

Gheuhx/ J1 _Wkhru| ri Ydoxh= Dq D{lrpdwlf Dqdo|vlv ri Jhqhudo Htxloleulxp1% Qhz Kdyhq=

\doh Xqlyhuvlw| Suhvv/ 4<8<1

GhJurrw/ Pruulv K1/ Rswlpdo Vwdwlvwlfdo Ghflvlrqv/ PfJudz0Kloo/ Lqf1 Qhz \run/ 4<:31

Gldprqg/ S1/ dqg M1 H1 Vwljolw}1 _Lqfuhdvh lq Ulvn dqg lq Ulvn Dyhuvlrq1% Mrxuqdo ri Hfrqrplf

Wkhru|/ ;/ 4<:7/ ss1 66:06931

Grpdu/ H1Y1/ dqg U1D1 Pxvjudyh1 _Sursruwlrqdo Lqfrph Wd{dwlrq dqg Ulvn0Wdnlqj1% Txduwhuo|

Mrxuqdo ri Hfrqrplfv/ yro1 8;/ Pd|/ 4<77/ ss1 6;<07551

G|eylj/ Sklols K1 _Glvwulexwlrqdo Dqdo|vlv ri Sruwirolr Fkrlfh1% Mrxuqdo ri Exvlqhvv/ yro1 94/

qr1 6/ 4<;;/ ss1 69<06<61

G|eylj/ Sklols K1 _Lqh�flhqw G|qdplf Sruwirolr Vwudwhjlhv ru Krz wr Wkurz Dzd| d Ploolrq

Grooduv lq wkh Vwrfn Pdunhw1% Uhylhz ri Ilqdqfldo Vwxglhv/ Yro1 4/ qr1 4/ +4<;;,/ ss1 9:0;;1

G|eylj/ Sklols K1 dqg Mu1 Lqjhuvroo/ Mrqdwkdq H1 _Phdq0Yduldqfh Wkhru| lq Frpsohwh Pdunhwv1%

Mrxuqdo ri Exvlqhvv/ yro1 88/ qr1 5/ 4<;5/ ss1 56605841

G|eylj/ Sklols K1 dqg Urvv/ Vwhskhq D1 _Gl�huhqwldo Lqirupdwlrq dqg Shuirupdqfh Phdvxuhphqw

Xvlqj d Vhfxulw| Pdunhw Olqh1% Wkh Mrxuqdo ri Ilqdqfh/ yro1 [O/ qr1 5/ Mxqh 4<;8d/ ss1

6;606<<1
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G|eylj/ Sklols K1 dqg Urvv/ Vwhskhq1 _Wkh Dqdo|wlfv ri Shuirupdqfh Phdvxuhphqw Xvlqj d

Vhfxulw| pdunhw Olqh1% Wkh Mrxuqdo ri Ilqdqfh/ yro1 [O/ qr1 5/ Mxqh 4<;8e/ ss1 73407491

Hoovehuj/ G1 _Ulvn/ Dpeljxlw| dqg wkh Vdydjh D{lrpv/%/ Txduwhuo| Mrxuqdo ri Hfrqrplfv/ :8/

ss1 976099<1

Howrq/ Hgzlq M1 _H{shfwhg Uhwxuq/ Uhdol}hg Uhwxuq/ dqg Dvvhw Sulflqj Whvwv1% Wkh Mrxuqdo ri

Ilqdqfh/ yro1 OLY/ qr1 7/ Dxjxvw 4<<</ ss1 44<<045531

Ilvkexuq/ Shwhu F1 _Suhihuhqfh0Edvhg Gh�qlwlrq ri Vxemhfwlyh Suredelolw|/% Dqqdov ri pdwkhpdw0

lfdo Vwdwlvwlfv/ 6;/ 4<9:/ ss1 49380494:1

Ilvkexuq/ Shwhu F1 _Phdq0Ulvn Dqdo|vlv zlwk Ulvn Dvvrfldwhg zlwk Ehorz0Wdujhw Uhwxuqv% Wkh

Dphulfdq Hfrqrplf Uhylhz/ yro1 9:/ qr1 5/ Pdufk 4<::/ ss1 44904591

Ilvkexuq/ Shwhu F1 _Rq wkh Wkhru| ri Dpeljxlw|%/ Lqwhuqdwlrqdo Mrxuqdo ri Lqirupdwlrq dqg

Pdqdjhphqw Vflhqfh/ 5/ 4<<4/ ss1 40491

Iulhgpdq/ P1/ dqg O1 M1 Vdydjh1 _Wkh Xwlolw| Dqdo|vlv ri Fkrlfhv Lqyroylqj Ulvn1% Mrxuqdo ri

Srolwlfdo Hfrqrp|/ 89/ 4<7;/ ss1 5:<06371

Kdgdu/ M1/ dqg Z1 Uxvvhoo1 _Uxohv iru Rughulqj Xqfhuwdlq Survshfwv1% Dphulfdq Hfrqrplf

Uhylhz/ 8</ 4<9</ ss1 580671

Kdjhq/ R1 _Wrzdugv d Srvlwlyh Wkhru| ri Suhihuhqfh Xqghu Ulvn1% H{shfwhg Xwlolw| K|srwkhvlv

dqg wkh Doodlv Sdudgr{ hg1 E| P1 Doodlv dqg R1 kdjhq1 Gruguhfkw/ Kroodqg= G1 Uhlgho

Sxeolvklqj Frpsdq|/ 4<:</ ss1 5:406351

Kduorz/ Z1Y1/ dqg Udphvk N1V1 Udr1 _Dvvhw Sulflqj lq d Jhqhudol}hg Phdq0orzhu Sduwldo Pr0

phqw Iudphzrun= Wkhru| dqg Hylghqfh1% Mrxuqdo ri Ilqdqfldo dqg Txdqwlwdwlyh Dqdo|vlv/
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+Vhswhpehu, 4<;</ ss1 5;806441

Kduorz/ Z1Y1 _Dvvhw Doorfdwlrq lq d Grzqvlgh0ulvn Iudphzrun1% Ilqdqfldo Dqdo|vwv Mrxuqdo/

yro1 7:/ qr1 8/ Vhswhpehu2Rfwrehu 4<<4/ ss1 5;0731

Khuvwhlq/ L1 Q1/ dqg M1 Ploqru/ _Dq D{lrpdwlf Dssurdfk wr Phdvxudeoh Xwlolw|1% Hfrqrphwulfd/

54/ 4<86/ ss1 5<405<:1

Khzlww/ Hgzlq/ dqg Nduo Vwurpehuj1 Uhdo dqg Devwudfw Dqdo|vlv/ Vsulqjhu Yhuodj/ 4<881

Klfnv/ M1U1/ Ydoxh dqg Fdslwdo1 R{irug Xqlyhuvlw| Suhvv/ Idlu Odzq/ Q1M1/ 4<6<1

Ndkqhpdq/ Gdqlho/ dqg Dprv Wzhuvn|1 _Survshfw Wkhru|= Dq Dqdo|vlv ri Ghflvlrq xqghu Ulvn1%

Hfrqrphwulfd/ yro1 7:/ qr15/ Pdufk 4<:</ ss1 59605<41

Nlpedoo/ Plohv V1 _Vwdqgdug Ulvn Dyhuvlrq1% Hfrqrphwulfd/ yro194/ qr16/ Pd| 4<<6/ ss1 8;<09441

Nqljkw/ I1K1/ Ulvn/ Xqfhuwdlqw| dqg Sur�w1 Qhz \run= Krxjkwrq Pl�lq 4<54 +Uhsulqwv ri

Hfrqrplf Fodvvlfv/ Qhz \run/ 4<97,1

Nuhsv/ G1P1/ _D Uhsuhvhqwdwlrq Wkhruhp iru cSuhihuhqfh iru Ioh{lelolw|*1% Hfrqrphwulfd/ 7:/

4<:</ ss1 89808::1

Ohy|/ Kdlp/ dqg \rudp Nuroo1 _Vwrfkdvwlf Grplqdqfh zlwk Ulvnohvv Dvvhwv1% Pdqdjhphqw Vfl0

hqfh/ Ghfhpehu 4<:9/ ss1 :760:::1

Olqwqhu/ M1 _Wkh Ydoxdwlrq ri Ulvn Dvvhwv dqg wkh Vhohfwlrq ri Ulvn| Lqyhvwphqwv lq Vwrfn Sruw0

irolrv dqg Fdslwdo Exgjhwv1% Uhylhz ri Hfrqrplfv dqg Vwdwlvwlfv/ 7:/ Ihe1 4<98d/ 4606:1

Olqwqhu/ M1 _Vhfxulw| Sulfhv/ Ulvn/ dqg Pd{lpdo Jdlqv iurp Glyhuvl�fdwlrq1% Mrxuqdo ri Ilqdqfh/

53/ Ghf1 4<98e/ ss1 8;:09481
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PdfFulpprq/ N1 U1/ dqg V1 Oduvvrq1 _Xwlolw| Wkhru|= D{lrpv yhuvxv *Sdudgr{hv*1% H{shfwhg

Xwlolw| K|srwkhvlv dqg wkh Doodlv Sdudgr{ hg1 e| P1 Doodlv dqg R1 Kdjhq1 Gruguhfkw/ Kroodqg=

G1 Uhlgho Sxeolvklqj Frpsdq|/ 4<:<1

Pdfklqd/ P1 M1 _H{shfwhg Xwlolw| Dqdo|vlv zlwkrxw wkh Lqghshqghqfh D{lrp1% Hfrqrphwulfd 83/

4<;5/ 5::06561

Pdfklqd/ P1 M1 _G|qdplf Frqvlvwhqf| dqg Qrq0H{shfwhg Xwlolw| Prghov ri Fkrlfh Xqghu Xqfhu0

wdlqw|1% Mrxuqdo ri Hfrqrplf Olwhudwxuh [[YLL/ 4<;</ ss1 49550499;1

Pdolqydxg/ H1 _Qrwh rq yrq Qhxpdqq0Prujhqvwhuq*v Vwurqj Lqghshqghqfh D{lrp1% Hfrqrphw0

ulfd/ 53/ 4<85/ 9:<1

Pdunrzlw}/ Kduu|1 _Sruwirolr Vhohfwlrq1% Mrxuqdo ri Ilqdqfh :/ qr1 4/ 4<85/ ss1 ::0<41

Pdunrzlw}/ Kduu|1 Sruwirolr Vhohfwlrq= H�flhqw Glyhuvl�fdwlrq ri Lqyhvwphqwv/ Qhz \run= Zloh|/

4<8<1

Pduvfkdn/ M1 _Udwlrqdo Ehkdylru/ Xqfhuwdlq Survshfwv/ dqg Phdvxudeoh Xwlolw|1% Hfrqrphwulfd/

4;/ 4<83/ ss1 44404741 +_Huudwd/% Hfrqrphwulfd/ 4;/ 4<83/ 6451,

Prqgljoldql/ Iudqfr/ dqg Ohdk Prqgljoldql1 _Ulvn0Dgmxvwhg Shuirupdqfh1% Mrxuqdo ri Sruwirolr

Pdqdjhphqw/ Zlqwhu 4<<:/ ss1 780871

Prqgljoldql/ Iudqfr/ dqg P1K1 Ploohu1 _Wkh Frvw ri Fdslwdo/ Frusrudwlrq Ilqdqfh dqg wkh Wkhru|

ri Lqyhvwphqw1% Dphulfdq Hfrqrplf Uhylhz/ 7;/ Mxqh 4<8;/ ss1 59405<:1

Prujdq/ M1S1 UlvnPhwulfv Prqlwru/ 7wk Txduwhu/ 4<<81
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Pruulvrq/ G1 J1 _Rq wkh Frqvlvwhqf| ri Suhihuhqfhv lq Doodlv*v Sdudgr{1% Ehkdylrudo Vflhqfh/

45/4<9:/ ss1 6:606;61

Prvnrzlw}/ K1 _H�hfwv ri Sureohp Uhsuhvhqwdwlrq dqg Ihhgedfn rq Udwlrqdo Ehkdylru lq Doodlv

dqg Pruodw0W|sh sureohpv1% Ghflvlrq Vflhqfh/ 8/ 4<:7/ ss1 55805751

Prvvlq/ Mdq1 _Htxloleulxp lq d Fdslwdo Dvvhw Pdunhw1% Hfrqrphwulfd/ 67/ 4<99/ ss1 :9;0:;61

Prvvlq/ Mdq1 _Rswlpdo Pxowlshulrg Sruwirolr Srolflhv1% Mrxuqdo ri Exvlqhvv/ 74/ +4<9;,/ ss1

45504691

Shwhuv/ Kdqv dqg Zdnnhu/ Shwhu1 _Lqghshqghqfh ri Luuhohydqw Dowhuqdwlyhv dqg Uhyhdohg Jurxs

Suhihuhqfh1% Hfrqrphwulfd/ yro1 8</ qr1 9/ Qryhpehu 4<<4/ ss1 4:;:04;341

Sruwhu/ U1 Exuu1 _Vhplyduldqfh dqg Vwrfkdvwlf Grplqdqfh= D Frpsdulvrq1% Dphulfdq Hfrqrplf

Uhylhz/ yro1 97/ qr1 4/ Pdufk 4<:7/ ss1 53305371

Sudww/ Mrkq Z1 dqg ]hfnkdxvhu/ Ulfkdug M1 _Surshu Ulvn Dyhuvlrq1% Hfrqrphwulfd/ yro1 88/ qr1

4/ Mdqxdu| 4<;:/ ss1 47604871

Sudww/ M1 Z1 _Ulvn Dyhuvlrq lq wkh Vpdoo dqg lq wkh Odujh1% Hfrqrphwulfd/ 65/ 4<97/ ss1 45504691

Suxlww/ M1Z1 _Sdwwhuq dqg Ohyho ri Ulvn lq Jdpeolqj Ghflvlrqv1% Sv|fkrorjlfdo Uhylhz/ yro 9</

Pd| 4<95/ ss1 4;:05341

Ulhw}/ Wkrpdv D1 _Wkh Htxlw| Suhplxp0D Vroxwlrq1% Mrxuqdo ri Prqhwdu| Hfrqrplfv/ 55/ 4<;;/

ss1 44:04641

Urvv/ Vwhskhq D1 _Dgglqj Ulvnv= Vdpxhovrq*v Idoodf| ri Odujh Qxpehuv Uhylvlwhg1% hp Mrxuqdo

ri Ilqdqfldo dqg Txdqwlwdwlyh Dqdo|vlv/ yro167/ qr1 6/ Vhswhpehu 4<<</ ss1 656066<1
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Urvv/ Vwhskhq D1 _Pxwxdo Ixqg Vhsdudwlrq lq Ilqdqfldo Wkhru|0Wkh Vhsdudwlqj Glvwulexwlrqv1%

Mrxuqdo ri Hfrqrplf Wkhru|/ 4:/ 4<:;/ ss1 58705;91

Urwkvfklog/ P1/ dqg M1 Vwljolw}1 _Lqfuhdvlqj Ulvn= L1 D Gh�qlwlrq1% Mrxuqdo ri Hfrqrplf Wkhru|/

5/ 4<:3/ ss1 55805761 +_Dgghqgxp/% Mrxuqdo ri Hfrqrplf Wkhru|/ 8/ 4<:5/ 6391,

Urwkvfklog/ P1/ dqg M1 Vwljolw}1 _Vrph Ixuwkhu Uhvxowv rq wkh Phdvxuhphqw ri Lqhtxdolw|1% Mrxu0

qdo ri Hfrqrplf Wkhru|/ 9/ 4<:6/ ss1 4;;05371

Ur|/ D1G1 _Vdihw|0Iluvw dqg Kroglqj ri Dvvhwv1% Hfrqrphwulfd/ Yro1 53/ 4<851 ss1 764077<1

Uxelqvwhlq/ Pdun1 _Dq Djjuhjdwlrq Wkhruhp iru Vhfxulwlhv pdunhwv1% Mrxuqdo ri Ilqdqfldo

Hfrqrplfv/ 4/ 4<:7/ ss1 55805771

Uxelqvwhlq/ Pdun1 _Lpsolhg Elqrpldo Wuhhv1% Mrxuqdo ri Ilqdqfh/ Yro1 O[L[/ Qr16/ Mxo|/ 4<<7/

ss1 ::40;4;1

Vdpxhovrq/ Sdxo D1 _Wkh Vw1 Shwhuvexuj Sdudgr{ dv d Glyhujhqw Grxeoh Olplwhg1% Lqwhuqdwlrqdo

Hfrqrplf Uhylhz/ 4/ 4<93/ ss1 6406:1

Vdpxhovrq/ Sdxo D1 _Ulvn dqg Xqfhuwdlqw|= D Idoodf| ri Odujh Qxpehuv1% Vflhqwld/ yro1 8:1 qr1

9/ Dsulo2Pd| 4<96/ ss14091

Vdpxhovrq/ S1 D1 _Xwlolw|/ Suhihuhqfh/ dqg Suredelolw|1% devwudfw ri d sdshu jlyhq ehiruh wkh frq0

ihuhqfh rq _Ohv Irqghphqwv hw Dssolfdwlrqv gh od Wkhrulh gx Ulvtxh hq Hfrqrphwulh1% Sdulv/

Pd|/ 4<851 Uhsulqwhg dv Fkdswhu 46 lq Froohfwhg Vflhqwl�f Sdshuv ri Sdxo D1 Vdpxhovrq/

Yroxph L hg1 e| M1 Vwljolw}1 Fdpeulgjh1 Pdvv1= PLW Suhvv/ 4<991

Vdpxhovrq/ Sdxo D1 _Olihwlph Sruwirolr Vhohfwlrq e| G|qdplf Vwrfkdvwlf Surjudpplqj1% Uhylhz

ri Hfrqrplf Vwdwlvwlfv/ +Dxjxvw 4<9<,/ ss1 56<05791
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Vdpxhovrq/ Sdxo D1 _Wkh Ixqgdphqwdo Dssur{lpdwlrq Wkhruhp ri Sruwirolr Dqdo|vlv lq whupv

ri Phdqv/ Yduldqfhv dqg Kljkhu Prphqwv1% Uhylhz ri Hfrqrplfv Vwxglhv/ 6:/ 4<:3/ ss1

86:0751

Vdpxhovrq/ Sdxo D1 _Wkh Orqj0whup Fdvh iru Htxlwlhv1% Mrxuqdo ri Sruwirolr Pdqdjhphqw/ +Idoo

4<<7,/ ss1 480571

Vdulq/ Udnhvk dqg Zdnnhu Shwhu1 _D Vlpsoh D{lrpdwl}dwlrq ri Qrqdgglwlyh H{shfwhg Xwlolw|1%

Hfrqrphwulfd/ yro1 93/ qr1 9/ Qryhpehu 4<<5/ ss1 4588045:51

Vdydjh/ O1M1/ Wkh Irxqgdwlrqv ri Vwdwlvwlfv/ Qhz \run= Mrkq Zloh| ) Vrqv/ 4<871 +Qhz \run=

Gryhu Sxeolfdwlrqv/ 4<:5,1

Vfkphlgohu/ G1 _Vxemhfwlyh Suredelolw| dqg H{shfwhg Xwlolw| zlwkrxw Dgglwlylw|1% Hfrqrphwulfd/

8:/ 4<;</ ss1 8:408;:1

Vkdush/ Zlooldp I1 _Fdslwdo Dvvhw Sulfhv= D Wkhru| ri Pdunhw Htxloleulxp xqghu Frqglwlrqv ri

Ulvn1% Mrxuqdo ri Ilqdqfh/ 4</ 4<97/ ss1 756076<1

Vkdush/ Zlooldp I1 _Pxwxdo Ixqg Shuirupdqfh1% Mrxuqdo ri Exvlqhvv/ Mdqxdu| 4<99/ ss1 44<046;1

Vkhooh|/ Pdumrulh N1 _Jdlq2Orvv Dv|pphwu| lq Ulvn| Lqwhuwhpsrudo Fkrlfh% Rujdql}dwlrqdo

Ehkdylru dqg Kxpdq Ghflvlrq Surfhvvhv/ 8</ 4<<7/ ss1 457048<1

Vlprq/ Khuehuw D1 _D Ehkdylrudo Prgho ri Udwlrqdo Fkrlfh1% Lq Prghov ri Wkrxjkw1/ :04</ Qhz

Kdyhq Frqq1=\doh Xqlyhuvlw| Suhvv/ 4<:<^4<88`1

Vlprq/ Khuehuw D1 _Udwlrqdo Fkrlfh dqg wkh Vwuxfwxuh ri wkh Hqylurqphqw1% Lq Prghov ri

Wkrxjkw1/ 5305;/ Qhz Kdyhq Frqq1=\doh Xqlyhuvlw| Suhvv/ 4<:<^4<89`1
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Vwrqh/ E1N1/ _D Jhqhudo Fodvv ri Wkuhh Sdudphwhu Ulvn Phdvxuhv1% Mrxuqdo ri Ilqdqfh/ yro1 5;/

Mxqh 4<:6/ ss1 9:809;81

Wrelq/ M1 _Oltxlglw| Suhihuhqfh dv Ehkdylru Wrzdug Ulvn1% Uhylhz ri Hfrqrplf Vwxglhv/ 58/

4<8;/ ss1 980;81

Wyhuvn|/ D1 _Xwlolw| Wkhru| dqg Dgglwlylw| Dqdo|vlv ri Ulvn| Fkrlfhv1% mrxuqdo ri H{shulphqwdo

Sv|fkrorj|/ :8/ 4<9:d/ ss1 5:0691

Wyhuvn|/ D1 _Dgglwlylw|/ Xwlolw|/ dqg Vxemhfwlyh Suredelolw|1% Mrxuqdo ri Pdwkhpdwlfdo Sv|fkro0

rj|/ 7/ 4<9:e/ ss1 4:805341

Wyhuvn|/ D1 _Lqwudqvlwlylw| ri Suhihuhqfhv1% Sv|fkrorjlfdo Uhylhz/ :9/ 4<9</ ss1 6407;1

Wyhuvn|/ D1 _D Fulwltxh ri H{shfwhg Xwlolw| Wkhru|= Ghvfulswlyh dqg Qrupdwlyh Frqvlghudwlrqv1%

Hunhqqwqlv/ </ 4<:8/ ss1 49604:61

Wyhuvn|/ Dprv dqg Zdnnhu/ Shwhu1 _Ulvn Dwwlwxghv dqg Ghflvlrq Zhljkwv1% Hfrqrphwulfd/

yro196/ qr1 9/ Qryhpehu 4<<8/ ss1 4588045;31

Yrq Qhxpdqq/ M1 dqg R1 Prujhqvwhuq _Wkhru| ri jdphv dqg Hfrqrplf Ehkdylru1% Sulqfhwrq=

Sulqfhwrq Xqlyhuvlw| Suhvv/ 4<771 Vhfrqg Hglwlrq/ 4<7:1 Wklug Hglwlrq/ 4<861

Zdnnhu/ Shwhu dqg Ghqh�h/ Gdqlho1 _Holflwlqj Yrq Qhxpdqq0Prujhqvwhuq Xwlolwlhv Zkhq Sured0

elolwlhv Duh Glvwruwhg ru Xqnqrzq1% pdqdjhphqw Vflhqfh/ yro1 75/ qr1 ;/ Dxjxvw 4<<9/ ss1

4464044831

Zdnnhu/ Shwhu1 _Vdydjh*v D{lrpv Xvxdoo| Lpso| Ylrodwlrq ri Vwulfw Vwrfkdvwlf Grplqdqfh1% Uh0

ylhz ri Hfrqrplf Vwxglhv/ 93/ 4<<6/ ss1 7;:07<61
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Zlooldpv/ Mrvhsk W1 _Fdslwdo Dvvhw Sulfhv zlwk Khwhurjhqhrxv Eholhiv1% Mrxuqdo ri Ilqdqfldo

Hfrqrplfv/ 8/ 4<::/ ss1 54<056<1

]rx/ Oldqj1 _Lqyhvwphqwv zlwk Grzqvlgh Lqvxudqfh dqg wkh Lvvxh ri Wlph Glyhuvl�fdwlrq1% Il0

qdqfldo Dqdo|vw Mrxuqdo/ Mxo|2Dxjxvw 4<<:/ ss1 :60:<1

]rx/ Oldqj1 _Lqkhuhqw Uhzdug dqg Ulvn +Sduw LL,= Ydoxdwlrq ri Lqyhvwphqw Vwudwhjlhv dqg Frq0

wlqjhqw Fodlpv1% Zrunlqj Sdshu/ Ilqdqfh Jurxs/ Xqlyhuvlw| ri Dpvwhugdp/ 53331
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Xsvlgh Sul�w +s@318, Grzqvlgh Orvv +40s@318, � S G

Dvvhw 4 93( 053( 3173 3148 3143

Dvvhw 5 73( 053( 3163 3146 3143

Dvvhw 6 53( 053( 3153 3143 3143

Wdeoh 4= Udqnlqj ri Ulvn zlwk Gl�huhqw Phdvxuhv +frqvwdqw lqkhuhqw ulvn,

Xsvlgh Sul�w +s@318, Grzqvlgh Orvv +40s@318, � S G

Dvvhw 4 93( 053( 3173 3148 3143

Dvvhw 5 73( 055( 3164 3147 3144

Dvvhw 6 53( 057( 3155 3144 3145

Wdeoh 5= Udqnlqj ri Ulvn zlwk Gl�huhqw Phdvxuhv +lqfuhdvlqj lqkhuhqw ulvn,
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1

1.6

1.4

1.2

0.8 0.8 0.8

Asset 1 Asset 2 Asset 3

Iljxuh 4= Dvvhwv zlwk wkh vdph grzqvlgh ulvn exw gl�huhqw xsvlgh srwhqwldov1

1

1.6

1.4

1.2

0.8
0.78 0.76

Asset 1 Asset 2 Asset 3

Iljxuh 5= Dvvhwv zlwk gl�huhqw grzqvlgh ulvn dqg xsvlgh srwhqwldov1


